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•Logicians Tarski, Alonzo Church (PhD advisor)

•Kurt Gödel (1931): There exist arithmetical
statements which are true but cannot be proven so.

••firstfirst scientificscientific calculationscalculations on digital on digital computerscomputers

••WhatWhat areare itsits fundamental fundamental limitationslimitations??

•• UncountablyUncountably manymany PP⊆⊆��

•• butbut countablycountably manymany ''algorithmsalgorithms''

••UndecidableUndecidable Halting Problem H:: NoNo algorithmalgorithm B B 

cancan alwaysalways correctlycorrectly answeranswer thethe followingfollowing questionquestion
GivenGiven A,A,xx,, doesdoes algorithmalgorithm A A terminateterminate on on inputinput xx??

Proof by contradiction:  ConsiderConsider algorithmalgorithm BB' ' thatthat, , 

on on inputinput AA, , executesexecutes BB on on A,AA,A

decisiondecision
problemproblem

Alan M. Turing 19361941

HaltingHalting ProblemProblem HH

ProofProof byby contradictioncontradiction::

AA
xx BB

++
−−AA

AA
B'B'

∞∞

HowHow doesdoes BB' ' behavebehave on on B'B' ??answeranswer, , loopsloops infinitelyinfinitely..

and, and, uponupon a positivea positive

simulator/interpretersimulator/interpreter B B ??

B'B' B'B'
B'B'
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Un-/Semi-/Decidability I

Definition:Definition: a) An 'a) An 'algorithmalgorithm' ' AA computescomputes a a 

partial partial functionfunction f f ::⊆⊆ �� →→ �� ifif itit

•• on on inputsinputs xx∈∈dom(dom(ff)) printsprints ff((xx)) and and terminatesterminates,,

•• on on inputsinputs xx∉∉dom(dom(ff)  )  doesdoes notnot terminateterminate..

b) b) AA decidesdecides setset LL⊆⊆�� ifif itit computescomputes itsits total total 

charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xx∈∈LL, , cfcfLL((xx):=):=00 forfor xx∉∉LL..

c)c) AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xx∈∈LL

d)d) AA enumeratesenumerates LL ifif LL=range(=range(ff))

forfor somesome computablecomputable total total injectiveinjective ff::��→→��..

Injective pairing function ("Hilbert Hotel")

x,y := x + (x+y)·(x+y+1)/2
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Un-/Semi-/Decidability II

Theorem: Theorem: a) a) EveryEvery finite finite LL isis decidabledecidable..

b) b) LL isis decidabledecidable iffiff itsits complementcomplement LL is.is.

c) c) LL isis decidabledecidable iffiff bothboth LL, , LL areare semisemi--decidabledecidable..

d) d) LL isis enumerableenumerable iffiff infinite and infinite and semisemi--decidabledecidable..

Example: The Halting problem H, considered as 

subset of ��, is semi-decidable, not decidable.

b) b) AA decidesdecides setset LL⊆⊆ �� ifif itit computescomputes itsits total total charchar. . 

functionfunction: : cfcfLL((xx):=):=11 forfor xx∈∈LL, , cfcfLL((xx):=):=00 forfor xx∉∉LL..

c)c) AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xx∈∈LL

d)d) AA enumeratesenumerates LL ifif LL=range(=range(ff))

forfor somesome computablecomputable total total injectiveinjective ff::��→→��..
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Comparing Decision Problems

For For L,L'L,L'⊆⊆ �� writewrite LL≼≼L'L' ifif therethere isis a a computablecomputable

ff: : ��→→ �� such such thatthat ∀∀xx:  :  xx∈∈LL  ⇔ ⇔ ff((xx))∈∈LL'.'.

a) a) L'L' semisemi--/decidable/decidable  so so LL. . 

HaltingHalting problemproblem H H = { = { AA,,xx : : AA((xx) ) terminatesterminates }}

NontrivialityNontriviality N N = { = { AA : : ∃∃yy AA((yy) ) terminatesterminates }}

TotalityTotality problemproblem T T = { = { AA : : ∀∀zz AA((zz) ) terminatesterminates}}

�� ��

L
L'

f

•• HH ≼≼ NN

•• HH ≼≼ TT

•• NN ≼≼ H H ≼≼ HH

unde-
cidable

unde-
cidable

b) b) LL≼≼L'L'≼≼L'' L''  LL≼≼L''L''

L L' • H ≼ T  T ≼ H
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WHILE+  Programs

Definitions: binary length of x∈�: ℓ(x) = log2(1+x)

• timetime of a WHILE+ program P on input x=(x1,…xd)

• asymptoticasymptotic time t(n): 
worst-case over all inputs x with ℓ(x)<n

xxjj := 0 | := 0 | xxjj := 1 | := 1 | xxjj := := xxii ++ xxkk |  |  xxjj := := xxii ⊖⊖ xxkk |  |  shiftshift

xxjj := := xxii ⊘⊘ 22 |  |  PP;;PP |  WHILE |  WHILE xxii DO DO PP END END 

Syntax in Backus—Naur Form

Semantics: Input  x1∈� or (x1,…,xd)∈�d or x∈�
�

x⊖y = max(0,x-y), x⊘2 = x/2,  (x1,x2,…)→(x2,x3,…)

loop as long as xi≠0,  output=x0∈�,  
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Definitions: binary length of x∈�: ℓ(x) = log2(1+x)

• timetime of a WHILE+ program P on input x=(x1,…xd)

• asymptoticasymptotic time t(n): 
worst-case over all inputs x with ℓ(x)<n

n log2n ·10s n·log n sec n² msec n³ μsec 2
n
nsec

10 33sec 33sec 0.1sec 1msec 1msec

100  ≈1min 11min 10sec 1sec 40 Mrd. Y

1000 ≈1.5min ≈3h 17min 17min

10 000 ≈2min 1.5 days ≈1 day 11 days

100 000 ≈2.5min 19 days 4 months 32 years

Asymptotic Runtime

xxjj := 0 | := 0 | xxjj := 1 | := 1 | xxjj := := xxii ++ xxkk |  |  xxjj := := xxii ⊖⊖ xxkk |  |  shiftshift

xxjj := := xxii ⊘⊘ 22 |  |  PP;;PP |  WHILE |  WHILE xxii DO DO PP END END 
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Definitions: binary length of x∈�: ℓ(x) = log2(1+x)

• timetime of a WHILE+ program P on input x=(x1,…xk)

• asymptoticasymptotic time t(n):
worst-case over all inputs x with ℓ(x)<n

• P = { L decidable in polynomial time }

• NP = { L verifiableverifiable in polynomial time }, i.e.

L = { x∈� : ∃y∈�, ℓ(y)≤poly(ℓ(x)),  x,y∈V },  V∈P

• EXP = { L decidable in exponential time }

Theorem: P ⊆ NP ⊆ EXP

Definition:Definition: a) An a) An ‘‘algorithmalgorithm‘‘ computescomputes thethe

functionfunction ff::��→→�� ifif on on inputinput xx itit printsprints ff((xx)) and and 

terminatesterminates

Some Complexity Classes

in time in time tt((nn))

A WHILE+ A WHILE+ programprogram

Def: For decision problems L ⊆ �

Polynom.growthPolynom.growth: ∃k t(n)≤O(nk); exponentialexponential: 2O(nk)

nn:=:=ℓℓ((xx))

L = { x∈� : ∃y∈�, ℓ(y)≤poly(ℓ(x)),  x,y∈V },  V∈P
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Example Decision Problems

EC := { G | G has a Eulerian cycle}

G admitting a Eulerian

cycle is connected and 

Theorem: Conversely every connected graph

with an even number of edges incident to each

vertex admits a Eulerian cycle.

has an even number of edges incident to each vertex

save save isolatedisolated
verticesvertices

NPNP

In an undirected graph G, Eulerian cycle traverses 
each edge precisely once;

Hamiltonian cycle visits
each vertex precisely once.

PP
L = { x∈� : ∃y∈�, ℓ(y)≤poly(ℓ(x)),  x,y∈V },  V∈PHC := { G | G has Hamiltonian cycle} NPNP
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Comparing Decision Problems 2

For For L,L'L,L'⊆⊆�� writewrite LL≼≼ L'L' ifif existsexists a a 

computablecomputable ff: : ��→→�� such such thatthat ∀∀xx:  :  xx∈∈LL ⇔⇔ ff((xx))∈∈LL''

�

L L'

f

�\L �\L'

pp polynomialpolynomial--timetime

Lemma: a) Lemma: a) LL≼≼ L'L'≼≼ L''  L''   L L ≼≼ L''L''pp pp pp

�

CLIQUE = { G,k | G contains a k-clique }

IS={ G,k : G has k pairwise

non-connected vertices}
 ≡≡pp

b) b) L'L'∈∈PP  LL∈∈PP
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Complexity Class Picture

TheoremTheorem (Cook'72/Levin'71): (Cook'72/Levin'71): 

SATSAT isis NPNP--completecomplete!!

NowNow knowknow ≈≈500 500 

naturalnatural problemsproblems

NPNP--completecomplete……

PSPACE

PSPACE

complete

EXP

CH

#P

PH

NP-
complete

coNP-

complete

P

NPco-
NP

PNP

DefDef: : AA∈∈NPNP isis NPNP--completecomplete ifif

LL ≼p AA holdsholds forfor everyevery LL∈∈NPNP..

Lemma: Lemma: For For AA

NPNP--completecomplete

and and AA ≼p B B ∈∈NPNP,,

BB isis also also NPcNPc..


