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Computing Real Numbers

Theorem:Theorem: For For rr∈∈��, , 
tthehe followingfollowing areare equivalentequivalent::

a) a) rr has a has a decidabledecidable binarybinary expansionexpansion

b) b) ThereThere existsexists an an algorithmalgorithm computingcomputing

a a sequencesequence ((aan n ))⊆⊆�� withwith ||rr--aann/2/2nn||≤≤22--nn. . 

c) c) ThereThere existexist threethree algorithmsalgorithms computingcomputing
sequencessequences ((aann),(),(bbnn),(),(ccnn))⊆⊆�� withwith ||rr--aann/b/bnn||≤≤1/1/ccnn→→00

Ernst Ernst SpeckerSpecker (1949):  ((1949):  (c)c)HH ⇔⇔ (d)(d)
d) d) ThereThere isis an an algorithmalgorithm computingcomputing ((qqnn))⊆⊆�� s.t.  s.t.  qqnn→→rr..

CallCall rr∈∈�� computablecomputable ifif

H= { A,x: algorithm A terminates on input x } ⊆�
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Computing Real Sequences

In In numericsnumerics, , don'tdon't test test forfor ((inin--)equality)equality!!

Example Example of a computable sequenceof a computable sequence ((rrjj))⊆⊆[0,1][0,1]
such that such that { { jj : : rrjj≠≠0 } = 0 } = HH,  the Halting problem.,  the Halting problem.

PropositionProposition:: IfIf ((rrjj)) isis a a computablecomputable sequencesequence s.t.s.t.

||rrjj--rrii||≤≤22--jj+2+2--ii, , thenthen limlimjj rrjj isis a a computablecomputable real.real.

Call (rj)⊆� computable iff an algorithm can print, 

on input n,j∈�,  some a∈� with |rj-a/2n| ≤ 2-n. 

xx∈∈�� computablecomputable ⇔⇔ ||xx--aann/2/2nn||≤≤22--nn forfor recursiverecursive ((aann))⊆⊆��

Call f:⊆�→� computable iff an algorithm can

convert any (am)⊆� with |x-am/2m| ≤ 2-m

into some (bn)⊆� with |f(x)-bn/2
n| ≤ 2-n



CS493 M. Ziegler
Computing Real Functions

EveryEvery
computablecomputable
functionfunction isis
continuouscontinuous

x
x'

Call f:⊆�→� computable iff an algorithm can

convert any (am)⊆� with |x-am/2m| ≤ 2-m

into some (bn)⊆� with |f(x)-bn/2
n| ≤ 2-n

f
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Mathematical Recap

• continuous function on dense dom., separability

• continuous vs. uniformly continuous f:⊆�→�

• three notions of compactness

• max. of continuous function on compact set

• Weierstrass Approximation Theorem

• co-r.e. L⊆� modulusmodulus of (of (unifunif) ) continuitycontinuity

König's Lemma: X⊆�� is compact iff it is closed

and the „tree“ X* := { ā∈�* | ∃b∈�� : āb∈X }
of finite initial segments is finitely branching.

||xx--yy||≤≤22--µµ((nn))    ||ff((xx))--ff((yy)|)|≤≤22--nn
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Computable Weierstrass Theorem

Theorem:Theorem: ForFor ff:[0,1]:[0,1]→→�� thethe followingfollowing areare equivalentequivalent::

a) a) ThereThere isis an an algorithmalgorithm convertingconverting anyany aa=(=(aamm))⊆⊆��

withwith ||xx--aamm/2/2mm|| ≤ ≤ 22--mm, , intointo ((bbnn))∈∈�� withwith ||ff((xx))--bbnn/2/2nn|| ≤ ≤ 22--nn

b) b) ThereThere isis an an algorithmalgorithm printingprinting a a sequencesequence (of (of deg.sdeg.s

and and coefficientcoefficient listslists of)of) ((PPnn))⊆⊆��[X[X] ] withwith ||||ff--PPnn||||∞∞ ≤≤22--nn

c) c) TheThe real real sequencesequence ff((qq), ), qq∈∈��∩∩[0,1][0,1], , isis computablecomputable

∧∧ ff admitsadmits a a computablecomputable modulusmodulus of (of (unifunif) ) continuitycontinuity

CallCall ((rrjj))⊆⊆�� computablecomputable iffiff an an algorithmalgorithm cancan printprint, , 

on on inputinput n,jn,j∈∈��,  ,  somesome q=aq=a/2/2nn∈∈��nn withwith ||rrjj--qq||≤≤22--nn..
�� :=:=  nn ��nn,            ,            ��nn := := {{ aa/2/2nn : : aa∈∈�� }}

||xx--yy||≤≤22--µµ((nn))    ||ff((xx))--ff((yy)|)|≤≤22--nn ProofProof:: b b ⇔⇔ c c  a a  c c 

modulusmodulus of (of (unifunif) ) continuitycontinuity
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||xx--yy||≤≤22--µµ((nn))    ||ff((xx))--ff((yy)|)|≤≤22--nn

Compactness in Real Computation

Lemma: Suppose A converts any a=(am)⊆� with

|x-am/2m| ≤ 2-m,  xx∈∈[0;1][0;1], to (bn) s.t. |f(x)-bn/2
n| ≤ 2-n. 

a) t
A

(n):a→#steps A makes on input a to print bn

is locally constant (=continuous) a function

b) giving rise to a modulusmodulus of of locallocal continuitycontinuity of of ff::

c) Its domain { a∈��: ∃x∈[0;1] ∀m: |x-am/2m| ≤ 2-m }

modulus of local continuity of f:

∀x ∃a:    |x-x'| ≤ 2-t(n,a)-1  |f(x)-f(x')| ≤ 2-n+1

is compact in Baire Space

d) and its set of finite initial segments is co-r.e.

{ā∈�m: m∈�, ∀i,j: -1≤aj≤1+2j ∧ |ai/2
i−aj/2

j| ≤ 2-i+2-j }

e) t
A

:�∋n→maxa t
A

(n,a) is well-def and computable

�� wrt d(a,b)=2-min{n:an≠bn}

{a∈��: m∈�, ∀i,j: -1≤aj≤1+2j ∧ |ai/2
i−aj/2

j| ≤ 2-i+2-j }
decidable
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Examples of Computable Real Functions

To To computecompute ff::⊆⊆��→→��: : convertconvert anyany sequencesequence ((aamm))⊆⊆��

withwith ||xx--aamm/2/2mm|| ≤ ≤ 22--m   m   to  (to  (bbnn))⊆⊆�� withwith ||ff((xx))--bbnn/2/2nn|| ≤ ≤ 22--nn

d) For d) For computablecomputable ff:[:[--1,0]1,0]→→��, , gg:[0,1]:[0,1]→→��
withwith ff(0)=(0)=gg(0)(0), , theirtheir joinjoin isis computablecomputable..

e) e) CC∞∞ ''pulse' pulse' functionfunction φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²))

a) a) ff computablecomputable  so so isis anyany restrictionrestriction of of ff

b) b) expexp, , sinsin, , coscos, , lnln areare computablecomputable functionsfunctions

c) c) LetLet ff∈∈CC[0,1][0,1] bebe computablecomputable. . ThenThen so so areare

ff: : xx→→00
xx

ff((tt) ) dtdt and and max(max(ff):):xx→→max{max{ff((tt):):tt≤≤xx}.}.
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• gkk(x):=g( x·2ψψ((kk))-1 )/2ψψ((kk))

gkk = 

g/22ψψ((kk))

gn = 

g/22n

• gkk(x):=g((x·2ψψ((kk))-1)··22kk)/2ψψ((kk))

h':= k gk

nn=1=1nn=2=2

½½

¼¼

Recall computable bijection  ψ:�→H

• g and g computable

⅛⅛

½½¼¼⅛⅛ 1100

Myhill'71: Myhill'71: uncomputableuncomputable ∂∂ on on CC11[0,1][0,1]

yet h:= h'  ∈C1[0;1]  computable. 

incomputable,

hat function g

• gn(x):=g( x·2n     -1      )/2n

• gk ≤ 2-k

continuous,n∈H gnn gn

e.g. H={2,3,5,7,...}

q.e.dq.e.d..

++kk


