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up to up to permutationpermutation [Specker'67][Specker'67]

ExampleExample (Fundamental Theorem of Algebra):(Fundamental Theorem of Algebra):

GivenGiven aa00,,……aadd--11∈∈��, , returnreturn rootsroots xx11,,……xxdd∈∈�� of  of  

aa00+a+a11··X+X+……+a+add--11··XXdd--11+X+Xdd ∈∈��[[XX]] incl. multiplicitiesincl. multiplicities

Two Effects in Real Computation

a) Multivalued 'a) Multivalued 'functionsfunctions''

b) b) DiscreteDiscrete ''adviceadvice''

ExampleExample ((ArchimedianArchimedian Reals):Reals):

GivenGiven xx∈∈��, , 

returnreturn somesome integer integer upperupper boundbound..

ExampleExample matrixmatrix diagonalizationdiagonalization: : givengiven AA∈∈��dd·· ((dd--1)/21)/2,,

returnreturn a a basisbasis of of eigenvectorseigenvectors

ThmThm:: ComputableComputable knowingknowing ||σσ((AA)|)|..

―― discontinuousdiscontinuous::
 cos(2/ε)   sin(2/ε)  ε· sin(2/ε)  –cos(2/ε) 
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Exact Real Computation

• Imperative programming paradigm [Müller/Z.14]

• Implemented in C++ library iRRAM [Müller’01]

with data type REAL and operator overloading

• Operate on arguments exactly, return

approximation to value up to absolute error 2p.

In In numericsnumerics, , don'tdon't test test forfor equalityequality!!in/in/

• Partial semantics of tests:  „x>y“ = ↑ if x=y.

• Non-extensional so-called Parallel-OR [EHS’04]

choose(x1>y1,…,xd>yd) returns some index j

with xj>yj,  provided such exists.



CS493 M. Ziegler
Examples in ERC

• Partial semantics of tests:  „x>y“ = ↑ if x=y.

• Non-extensional so-called Parallel-OR [EHS’04]

choose(x1>y1,…,xd>yd) returns some index j

with xj>yj,  provided such exists.

Example 0: Fuzzy/soft test [Sagraloff,C.Yap,…]

choose(x+2-n>y , y+2-n>x)

Example 1: Round: Round: �� ∋∋ rr →→ zz ∈∈ �� s.t.s.t. rr--1 < 1 < zz ≤≤ rr+1+1
INTEGER Round (REALINTEGER Round (REAL rr););

INTEGERINTEGER zz:=0; REAL:=0; REAL xx:=:=rr;;

WHILE  choose( WHILE  choose( zz < < rr , , zz >> rr--1 ) == 1  DO 1 ) == 1  DO 

zz := := zz + 1; + 1; 

RETURN zRETURN z
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•• Partial Partial semanticssemantics of of teststests:  :  „„x>yx>y““ = = ↑↑ ifif xx==yy..

•• choose(xchoose(x11>y>y11,,……,x,xdd>y>ydd) ) == somesome jj s.t.  s.t.  xxjj>y>yjj

INTEGER Round (REALINTEGER Round (REAL rr););

INTEGERINTEGER zz:=0; REAL:=0; REAL xx:=:=rr;  ;  INTEGERINTEGER bb; INTEGER; INTEGER kk:=0;:=0;

WHILE WHILE choosechoose( |( |xx|> |> ½½ , |, |xx| < 1 ) == 1 DO| < 1 ) == 1 DO

kk:=:=kk+1;   +1;   xx:=:=xx/2;  END;  // /2;  END;  // normalizenormalize xx

WHILE WHILE kk>0 DO ; >0 DO ; xx := := xx··2;  2;  

bb := := choosechoose( ( xx<0 , <0 , --1<1<xx<1 , <1 , xx>0 ) >0 ) -- 2;   2;   
// // mostmost signifsignif. . signedsigned bin. bin. digitdigit --1,0,+1 of 1,0,+1 of xx

xx := := xx -- bb;  ;  zz := := zz + + zz + + bb;  ;  kk := := kk -- 11;;

END; RETURN END; RETURN zz;;

Example 1: Round: Round: �� ∋∋ rr →→ zz ∈∈ �� s.t.s.t. rr--1 < 1 < zz ≤≤ rr+1+1

Faster Non-extensional Integer Rounding
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Trisection for Simple Root Finding

REAL REAL TrisectionTrisection (INTEGER (INTEGER pp; C([0;1]; C([0;1],REAL),REAL) ff););

// // ff((xx) < 0 < ) < 0 < ff((yy),   ),   ∃∃!  !  zz∈∈[0,1]: [0,1]: ff((zz)=0)=0

REAL REAL xx:=0; REAL :=0; REAL yy:=1; :=1; 

WHILE choose( WHILE choose( yy--xx > 2> 2pp--1 1 , 2, 2pp > > yy--xx ) == 1  DO) == 1  DO

IF choose ( 0>f(IF choose ( 0>f((2(2xx++yy))//33) , 0<f() , 0<f(((xx+2+2yy))//33) ) == 1) ) == 1

THEN  THEN  xx:=(2:=(2xx++yy)/3;  ELSE  )/3;  ELSE  yy:=(:=(xx+2+2yy)/3;  ENDIF;)/3;  ENDIF;

END; RETURN END; RETURN xx;;

•• Partial Partial semanticssemantics of of teststests:  :  „„x>yx>y““ = = ↑↑ ifif xx==yy..

•• choose(xchoose(x11>y>y11,,……,x,xdd>y>ydd) ) == somesome jj s.t.  s.t.  xxjj>y>yjj


