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Recap Computing Real Numbers

Theorem:Theorem: For For rr∈∈��, , 
tthehe followingfollowing areare equivalentequivalent::

a) a) rr has a has a decidabledecidable binarybinary expansionexpansion

b) b) ThereThere existsexists an an algorithmalgorithm computingcomputing

a a sequencesequence ((aan n ))⊆⊆�� withwith ||rr--aann/2/2nn||≤≤22--nn. . 

c) c) ThereThere existexist threethree algorithmsalgorithms computingcomputing
sequencessequences ((aann),(),(bbnn),(),(ccnn))⊆⊆�� withwith ||rr--aann/b/bnn||≤≤1/1/ccnn→→00

Definition: Definition: A WHILE+ A WHILE+ programprogram computescomputes rr∈∈��

iffiff, on , on inputinput nn, , 

itit returnsreturns somesome aann∈∈�� withwith ||rr--aann/2/2nn| | ≤≤ 22--nn.  .  
afterafter ≤≤poly(poly(nn)) stepssteps,,in in polytimepolytime
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Polytime-Computable Reals

Example: The following are polytime computable:

 sum, product, and reciproce
of polytime-computable reals

 every algebraic real

 some transcendental reals

such as e=2.718.. or π.

Definition: Definition: A WHILE+ A WHILE+ programprogram computescomputes rr∈∈��

iffiff, on , on inputinput nn, , 

itit returnsreturns somesome aann∈∈�� withwith ||rr--aann/2/2nn| | ≤≤ 22--nn.  .  
afterafter ≤≤poly(poly(nn)) stepssteps,,in in polytimepolytime
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Computing Functions in Polytime

RecapRecap:: ForFor ff:[0,1]:[0,1]→→�� thethe followingfollowing areare equivalentequivalent::

a) a) ThereThere isis an an algorithmalgorithm convertingconverting anyany aa=(=(aamm))⊆⊆��

withwith ||xx--aamm/2/2mm|| ≤ ≤ 22--mm, , intointo ((bbnn))∈∈�� withwith ||ff((xx))--bbnn/2/2nn|| ≤ ≤ 22--nn

b) b) ThereThere isis an an algorithmalgorithm printingprinting a a sequencesequence (of (of deg.sdeg.s

and and coefficientcoefficient listslists of)of) ((PPnn))⊆⊆��[X[X] ] withwith ||||ff--PPnn||||∞∞ ≤≤22--nn

c) c) TheThe real real sequencesequence ff((qq), ), qq∈∈��∩∩[0,1][0,1], , isis computablecomputable

∧∧ ff admitsadmits a a computablecomputable modulusmodulus of of continuitycontinuity

Theorem: To approximate |x-½| up error 22--nn

requires polynomials of degree exponential in n.

Definition: Definition: A WHILE+ A WHILE+ programprogram computescomputes rr∈∈��

iffiff, on , on inputinput nn, , 

itit returnsreturns somesome aann∈∈�� withwith ||rr--aann/2/2nn| | ≤≤ 22--nn.  .  
afterafter ≤≤poly(poly(nn)) stepssteps,,in in polytimepolytime
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Runtime may depend only on output precision n.

Def: Computing f:⊆⊆�→� in time in time tt((nn)) means to 

print, given (a)m ⊆� with |x-am/2/2mm|≤2-m for x∈dom(f), 
(bn)⊆� such that |f(x)-bn/2/2nn|≤2-n withinwithin tt((nn)) stepssteps.

Example: exp:�→� is not computable in bounded

time, but on [-2k;k] computable in time poly(n+k).

Properties of Polytime Functions

Definition: Definition: A WHILE+ A WHILE+ programprogram computescomputes rr∈∈��

iffiff, on , on inputinput nn, , 

itit returnsreturns somesome aann∈∈�� withwith ||rr--aann/2/2nn| | ≤≤ 22--nn.  .  
afterafter ≤≤poly(poly(nn)) stepssteps,,in in polytimepolytime

Theorem: If f:⊆�→� is computable in time t(n), 
then μ(n):=t(n+1)+1 is a modulus of continuity of f.

Theorem: If f:[0;1]→� is computable, 

then so within bounded time t(n) for some t:�→�
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ThmThm [Friedman&Ko[Friedman&Ko’’82]82]

To To everyevery LL∈∈NPNP existsexists

polytimepolytime CC∞∞ ggLL:[0;1]:[0;1]→→��

s.t. s.t. [0;1][0;1]∋∋xx→→max max ggLL||[0,[0,xx]] isis

againagain polytimepolytime iffiff LL∈∈PP

Complexity of 1D Maximization

Fix polytime-comput. ƒ:[0;1]→[0;1]  (continuous)

Max(Max(ƒƒ): [0;1] ): [0;1] ∋∋ xx →→ maxmax{ { ƒƒ((tt): ): tt≤≤xx }}

• is computable in exponential time

• is polytime-computable, provided that P=NP

• if polytime for every (smooth) f, then P=NP:

1/2n

1/2μ(n)

μ polyn. modulus of continuity

f
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To To everyevery LL∈∈NPNP therethere existsexists a a polytimepolytime

computablecomputable CC∞∞ functionfunction ggLL:[0;1]:[0;1]→→�� s.t.:s.t.:

[0;1][0;1]∋∋xx→→max max ggLL||[0;[0;xx]] againagain polytimepolytime iffiff LL∈∈PP

NPNP ∋∋ LL = = {{ NN∈∈�� || ∃ ∃MM<N<N: : N,MN,M ∈∈VV }}, , VV ∈∈ PP

'Max is NP-hard'
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V∈P ⇔ fV polytimepolytimeVV⊆⊆��

fV:
∈V

gL:

φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²))
CC∞∞ ''pulse' pulse' functionfunction
polytimepolytime computablecomputable

CC∞∞

MANY local maxima
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Fix polytime ƒ:[0;1]→[0;1]  ( continuous)

Complexity Conjectures in Numerics

•• Max: Max: ƒƒ →→ Max(Max(ƒƒ): ): xx →→ maxmax{ { ƒƒ((tt): ): t t ≤≤ x x }}
Max(Max(ƒƒ)) computable in exponential time;

polyn.timepolyn.time--computablecomputable ifif PP==NPNP

• : : ƒƒ →→ ƒƒ: (: (xx →→ 00
xx ƒƒ((tt) ) dtdt))

ƒƒ computable in exponential time;
polyn.timepolyn.time--computablecomputable iffiff PP=#=#PP

• odesolveodesolve: : CC11([0;1]([0;1]××[[--1;1])1;1])∋ƒ→∋ƒ→ zz:  :  żż((tt)=)=ƒƒ((tt,,zz),  ),  zz(0)=0(0)=0.
PSPACEPSPACE--"complete"complete""

• Solution to Solution to Poisson'sPoisson's EquationEquation

isis classicalclassical and #and #PP--"complete"complete""

eveneven forfor ƒ∈ƒ∈CC∞∞

ff

Polyn.timePolyn.time forfor
analyticanalytic ff∈∈CCωω

∆u = f on B2(0,1)
u = 0 on ∂B2(0,1)

[[KawamuraKawamura 2010]2010]

[[Kawamura+Steinberg+ZKawamura+Steinberg+Z., MSCS 2017., MSCS 2017
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 Computing on (σ-) compact metric spaces

 Rigorous Computability and Complexity Theory

of partial differential equations (PDEs)

Perspective & Visioin

• Why error bound 2-n rather than 1/n ?

• Why absolute errors rather than relative ?

• Why inputs only by approximation ?
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