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§2 Computability over the Reals

a) Computing Real Numbers

�Three equivalent notions, 

�counter/examples, oracle-computable reals

b) Computing Real Sequences

�semi-decidability / strong undecidability of Equality

�every computable sequence misses a computable Real

c) Computing Real Functions

�closure properties: composition, restriction, sequences

�necessarily continuous

�Computable Weierstrass Theorem

�quantitative continuity
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§2 Computability over the Reals

d/e) Un/computability with Real Functions

�un/computable Derivative

�un/computable Wave Equation

�un/computable Root Finding

f) Multi-Functions & Enrichment

�generalized restriction, fundamental theorem of algebra

�real computation, fuzzy sign/Heaviside, 

�Archimedian property, linear algebra, analytic functions

g) Computing Real Operators

�Encoding continuous functions

�Encoding compact subsets • Boolean Set Operations

• Uniform computability



CS700 M. Ziegler
a) Computing Real Numbers

Theorem:Theorem: ForFor rr∈∈��, , tthehe followingfollowing areare equivalentequivalent::

a)a) rr has a has a decidabledecidable binarybinary expansionexpansion

{ { nn : : bbnn=1 }=1 }  ⊆ ⊆ �� forfor rr == ∑ ∑nn bbnn/2/2
nn..

b) b) ThereThere existsexists an an algorithmalgorithm computingcomputing
a a sequencesequence ((aan n ))⊆⊆�� withwith ||rr−−aann/2/2

nn| | ≤≤ 22--nn. . 

c) c) ThereThere existexist algorithmsalgorithms computingcomputing
threethree sequencessequences ((aamm),(),(bbmm),(),(ccmm))⊆⊆��
withwith ||rr−−aamm/b/bmm| | ≤≤ 1/1/ccm m →→ 00

Ernst Ernst SpeckerSpecker (1949):  ((1949):  (c)c)HH ⇔⇔ (d)(d)
d) d) ThereThere isis an an algorithmalgorithm computingcomputing ((qqnn))⊆⊆�� s.t.s.t. qqnn→→rr ..

DefDef:: CallCall rr∈∈�� computablecomputable ifif

H= { 〈A,x〉: algorithm A terminates on input x }  ⊆�

oracleoracle
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Proofs (Sketches)

Theorem:Theorem: ForFor rr∈∈��, , tthehe followingfollowing areare equivalentequivalent::

a)a) rr has a has a decidabledecidable binarybinary expansionexpansion

{ { nn : : bbnn=1 }=1 }  ⊆ ⊆ � � forfor rr == ∑ ∑nn bbnn/2/2
nn..

b) b) ThereThere existsexists an an algorithmalgorithm computingcomputing
a a sequencesequence ((aan n ))⊆⊆�� withwith ||rr−−aann/2/2

nn| | ≤≤ 22--nn. . 

c) c) ThereThere existexist algorithmsalgorithms computingcomputing
threethree sequencessequences ((aamm),(),(bbmm),(),(ccmm))⊆⊆��
withwith ||rr−−aamm/b/bmm| | ≤≤ 1/1/ccm m →→ 00

Lemma: For  |x−y| ≤ 1/2n+1, a:=y·2n has  |x−a/2n| ≤ 2-n

Lemma: For rr∈∈�� and and ((aan n ))⊆⊆�� withwith ||rr−−aann/2/2
nn| | ≤≤ 22--nn,,

r<0   ⇔  ∃n: an<1    and     r>0   ⇔  ∃n: an>1
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Examples: Computable Reals

ComputeCompute rr:: on on inputinput nn∈∈�� outputoutput aa∈∈�� st. st. ||rr--aa/2/2nn||≤≤22--nn

a) a) EveryEvery dyadicdyadic rational has rational has twotwo binarybinary expansionsexpansions

b) b) EveryEvery rational has a rational has a computablecomputable binarybinary expansionexpansion

c) c) IfIf aa,,bb areare computablecomputable, so , so areare a+ba+b, , aa··bb, , 1/1/aa ((aa≠≠0)0)

d) Fix d) Fix pp∈∈��[[XX]]. . ThenThen pp's's coefficientscoefficients areare computablecomputable

  ⇔⇔ pp((xx)) isis computablecomputable forfor all all computablecomputable xx..

e) e) EveryEvery algebraicalgebraic numbernumber isis computablecomputable; and so ; and so isis  ππ..

f) f) IfIf xx isis computablecomputable, , thenthen so so areare exp(exp(xx)), , sin(sin(xx)), , log(log(xx))

Ernst Ernst SpeckerSpecker (1949):  ((1949):  (c)c)HH ⇔⇔ (d)(d)
d) d) ThereThere isis an an algorithmalgorithm computingcomputing ((qqnn))⊆⊆�� s.t.s.t. qqnn→→rr ..
g) g) Specker'sSpecker's sequencesequence ((∑∑mm<<jj , , tt((mm)<)<jj 22

--mm))jj isis ""computablecomputable",",

wherewhere {0,1,2,{0,1,2,……,,∞∞} } ∋∋ tt((〈〈AA,,xx〉〉):=):=##stepssteps AA makesmakes on on xx..
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Oracle-Computable Reals

g) g) Specker'sSpecker's sequencesequence ((∑∑mm<<jj , , tt((mm)<)<jj 22
--mm))jj isis ""computablecomputable",",

wherewhere {0,1,2,{0,1,2,……,,∞∞} } ∋∋ tt((〈〈AA,,xx〉〉):=):=##stepssteps AA makesmakes on on xx..

ComputeCompute rr:: on on inputinput nn∈∈�� outputoutput aa∈∈�� st. st. ||rr--aa/2/2nn||≤≤22--nn
oracle

Fix some Fix some arbitraryarbitrary total total ϕϕ::��→→��

P = ( xj := 0 , 1 | xxjj := := xxii ±± xxkk | xxjj := := xxii ÷÷ 22 |  
P ; P |  WHILE xj DO P END )xxjj := := ϕϕ((xxii) |) |

Real Limit Lemma: If computable sequence (r j)
converges, then r:=limj r j is computable with oracle H.

And to every real r computable with oracle H,  

there is a computable sequence (r j) with r=limj r j .
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Lemma: For rr∈∈�� and and ((aan n ))⊆⊆�� withwith ||rr−−aann/2/2
nn| | ≤≤ 22--nn,,

r<0   ⇔  ∃n: an<1    and     r>0   ⇔  ∃n: an>1

b) Computing Real Sequences

PropositionProposition:: IfIf ((rr jj)) isis a a computablecomputable sequencesequence s.t.s.t.

||rr jj--rr ii ||≤≤22--jj+2+2--ii, , thenthen limlim jj rr jj isis a a computablecomputable real.real.

Def: ComputeCompute sequence (r j)⊆�: on input 〈n,j〉∈�
output some a=an,j∈� with |r j-a/2n| ≤ 2-n. 

ComputeCompute rr:: on on inputinput nn∈∈�� outputoutput aa∈∈�� st. st. ||rr--aa/2/2nn||≤≤22--nn

Examples: a) Examples: a) 1/1/jj !! is a computable sequence.is a computable sequence.

b)b) cfcfHH((jj))∈∈{0,1}{0,1} is an is an ununcomputablecomputable sequence.sequence.

c)c) rr jj := 1/2:= 1/2tt((jj)) ∈∈[0,1][0,1] is a computable sequenceis a computable sequence

withwith { { jj : : rr jj≠≠0 } = 0 } = HH,  the Halting problem.,  the Halting problem.

RealReal Limit LemmaLimit Lemma:: IfIf computablecomputable sequencesequence ((rr jj))
convergesconverges,, thenthen rr :=lim:=lim jj rr jj isis computablecomputable withwith oracleoracle HH..

And to And to everyevery real real rr computablecomputable withwith oracleoracle HH,  ,  

therethere isis a a computablecomputable sequencesequence ((rr jj)) withwith rr=lim=lim jj rr jj ..

PropositionProposition:: IfIf ((rr jj)) isis a a computablecomputable sequencesequence, , 

thenthen { { jj : : rr jj≠≠0 }  0 }  is semiis semi--decidable.decidable.

wherewhere {0,1,2,{0,1,2,……,,∞∞} } ∋∋ tt((〈〈AA,,xx〉〉):=):=##stepssteps AA makesmakes on on xx..In In numericsnumerics, , don'tdon't test test forfor ((inin--)equality)equality!!
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Def: ComputeCompute sequence (r j)⊆�: on input 〈n,j〉∈�
output some a=an,j∈� with |r j-a/2n| ≤ 2-n. 

Any computable real sequence 
misses some computable real

Proof (Diagonalization): 

Consider 'diagonal' sequence  qn := a2n+2,n /2
2n+1 ∈ �.

Inductively define nested intervals In⊆In−1 of width 1/3n

such that rn∉In. 

Hence { x} = n In

with computable x≠rn.

b) b) computingcomputing a a sequencesequence ((aan n ))⊆⊆�� withwith ||rr−−aann/2/2
nn| | ≤≤ 22--nn. . 

c) c) computingcomputing threethree sequencessequences ((aamm),(),(bbmm),(),(ccmm))⊆⊆��
withwith ||rr−−aamm/b/bmm| | ≤≤ 1/1/ccm m →→ 00

In−1= In In

qnqn
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c) Computing Real Functions

Def: To compute f:⊆�→� means:

Convert any (am)⊆� with |x-am/2m| ≤ 2-m , x∈dom(f),

to some (bn)⊆� with |y-bn/2n| ≤ 2-n ,  y=f(x).

Behave arbitrarily for x∉∉∉∉∉∉∉∉dom(f) or ∃m: |x-am/2m| >2-m 

ComputeCompute rr:: on on inputinput nn∈∈�� outputoutput aa∈∈�� st. st. ||rr--aa/2/2nn||≤≤22--nn

Def: ComputeCompute sequence (r j)⊆�: on input 〈n,j〉∈�
output some a=an,j∈� with |r j-a/2n| ≤ 2-n. 

Lemma: a) Lemma: a) IfIf f:⊆�→� isis computablecomputable andand ((rr jj))⊆⊆dom(dom(ff))
aarere computablecomputable, , thenthen ff((rr jj)) isis a a computablecomputable sequencesequence..

b)b) ComputableComputable functionsfunctions areare closedclosed underunder compositioncomposition

c)c) AnyAny restrictionrestriction of a of a computcomput. . functionfunction isis computablecomputable..
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Computing Real Functions

AnyAny
computablecomputable
functionfunction isis
continuouscontinuous

x
x'

f

Def: Convert any (am)⊆� with |x-am/2m| ≤ 2-m ,
to some (bn)⊆� with |y-bn/2

n| ≤ 2-n,  y=f(x).
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Computable Weierstrass Theorem

Theorem:Theorem: ForFor ff:[0,1]:[0,1]→→�� thethe followingfollowing areare equivalentequivalent::

a) a) ThereThere isis an an algorithmalgorithm convertingconverting anyany aa=(=(aamm))⊆⊆��

withwith ||xx--aamm/2/2mm|| ≤ ≤ 22--mm,  to,  to ((bbnn))∈∈�� withwith ||ff((xx))--bbnn/2/2
nn|| ≤ ≤ 22--nn

b) b) ThereThere isis an an algorithmalgorithm printingprinting a a sequencesequence (of (of deg.sdeg.s

and and coefficientcoefficient listslists of) of) ((PPnn))⊆⊆��[[XX] ] withwith ||||ff--PPnn||||∞∞ ≤≤22--nn

c) c) TheThe real 'real 'sequencesequence'' ff((qq), ), qq∈∈��∩∩[0,1][0,1], , isis computablecomputable

∧∧ ff admitsadmits a a computablecomputable

��nn := := {{ aa/2/2nn : : aa∈∈�� },}, �� :=:=  nn ��nn,            ,            

||xx--yy||≤≤22--µµ((nn))  ⇒ ⇒ ||ff((xx))--ff((yy)|)|≤≤22--nn

ProofProof:: b b ⇔⇔ c c ⇒⇒ a a ⇒⇒ c c 

modulusmodulus of (of (unifunif) ) continuitycontinuity
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Definition:  Fix metric spaces  (X,d) and  (Y,e).

1/ln(e/x)

Example:Example: LipschitzLipschitz--continuous continuous ⇔⇔ modulusmodulus µµ((nn))≤≤nn++OO(1)(1)

b) Hb) Höölderlder--continuouscontinuous ⇔⇔
modulusmodulus µµ((nn) ) ≤≤ OO((nn))

c) c) hh: [0;1] : [0;1] ∋∋ xx→→ 1/ln(e/1/ln(e/xx) ) ∈∈ [0;1][0;1]
has (only) exponential has (only) exponential modulusmodulus..

d) d) hh◦◦hh:: (only) (only) doubly doubly exponential modulus.exponential modulus.

AA modulus of continuitymodulus of continuity of  f:(X,d)→(Y,e) is any µ:�→�

such that d(x,x')≤2-µ(n) implies e(f(x),f(x'))≤2-n

If  If  f:Xf:X→→YY has has µµ and and gg::YY→→ZZ has has νν,  then  ,  then  gg◦◦ff has  has  µ◦νµ◦ν..

Quantitative Continuity
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Examples of Computable Real Functions

c) For c) For computablecomputable ff:[:[ --1,0]1,0]→→��, , gg:[0,1]:[0,1]→→��
withwith ff(0)=(0)=gg(0)(0),  ,  

a) a) ++, , −−, , ××, , ÷÷, , √√, , expexp, , loglogee, , sinsin, , coscos areare computablecomputable

b) b) LetLet ff∈∈CC[0,1][0,1] bebe computablecomputable. . ThenThen so so areare

∫∫ff: : xx→∫→∫00
xx ff((tt) ) dtdt and and max(max(ff):):xx→→max{max{ff((tt):):tt≤≤xx}} ..

d) d) CC∞∞ ''pulse' pulse' mollifiermollifier φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²)  )  forfor --1<1<tt<1<1, , 

φφ((tt) = 0 ) = 0 otherwiseotherwise. . 

theirtheir joinjoin isis computablecomputable..

f
g
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a) a) exp:exp:��→→�� isis a a computablecomputable functionfunction

Example Proofs (Sketch)

| exp(t) – (1+t+t²/2+t³/6+…+tⁿ/n!) | ≤ 1/2n forfor ||t|t|≤≤11.
exp(t+k) = exp(t) · exp(1) ··· exp(1),    k∈�

b) b) ff∈∈CC[0,1][0,1] computablecomputable ⇒⇒ so so isis ∫∫ff: : xx→∫→∫00
xx ff((tt) ) dtdt

To To computecompute ff::KK⊆⊆��→→��:: printprint a a sequencesequence (of (of degreesdegrees

and and coefficientcoefficient listslists of) of) ((PPnn))⊆⊆��[[XX] ] withwith ||||ff--PPnn||||∞∞ ≤≤22--nn

1/2µ(n+1)

To To computecompute ff::KK⊆⊆��→→��:: computecompute real 'real 'sequencesequence'' ff((qq), ), 
qq∈∈��∩∩KK; and ; and computecompute modulusmodulus of of continuitycontinuity µµ::��→→�.�.

max(max(ff):):xx→→max{max{ff((tt):):tt≤≤xx}}
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Example Proofs (continued) 

c) For c) For computablecomputable ff:[:[ --1,0]1,0]→→��, , 

gg:[0,1]:[0,1]→→�� withwith ff(0)=(0)=gg(0)(0), , 
theirtheir joinjoin isis computablecomputable..

To To computecompute ff::KK⊆⊆��→→��:: computecompute real 'real 'sequencesequence'' ff((qq), ), 
qq∈∈��∩∩KK; and ; and computecompute modulusmodulus of of continuitycontinuity µµ::��→→�.�.

a) a) exp:exp:��→→�� isis a a computablecomputable functionfunction

b) b) ff∈∈CC[0,1][0,1] computablecomputable ⇒⇒ so so areare ∫∫ff: : xx→∫→∫00
xx ff((tt) ) dtdt

and and max(max(ff):):xx→→max{max{ff((tt):):tt≤≤xx}}

f
g
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d) Uncomputability
with Real Functions

"Any computable functionalal is continuous!"

� [Myhill'71]: Myhill'71]: ununcomputablecomputable derivativederivative

�� Sufficient condition for Sufficient condition for computablecomputable derivativederivative

�� [[PourPour--El&Richards'81]: El&Richards'81]: 

ununcomputablecomputable Wave Wave EquationEquation

�� [[Weihrauch&Zhong'02] Weihrauch&Zhong'02] computablecomputable Wave Wave EquationEquation

� [Specker'59]: Specker'59]: ununcomputablecomputable argmin/rootargmin/root

�� ComputableComputable IntermediateIntermediate ValueValue TheoremTheorem

�� ComputableComputable ""singularsingular" " coveringcovering

of all of all computablecomputable realsreals
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• gkk(x):=g( x·2ψψ((kk))-1 )/2ψψ((kk))

∫gkk = 
∫g/22ψψ((kk))

∫gn = 
∫g/22n

• gkk(x):=g((x·2ψψ((kk))-1)··22kk)/2ψψ((kk))

h':= ∑k gk

nn=1=1nn=2=2

½½

¼¼

Recall computable bijection  ψ:�→H

• g and ∫g computable

⅛⅛

½½¼¼⅛⅛ 1100

UnUncomputablecomputable ∂∂∂∂∂∂∂∂::CCCCCCCC11[0,1][0,1]→→CCCCCCCC[0,1][0,1]

yet h:=∫ h'  ∈C1[0;1]  computable.

uncomputable,

hat functiong

• gn(x):=g( x·2n     -1      )/2n

• ∫gk ≤ 2-k

continuous,∑n∈H gn∑n gn

e.g. H={2,3,5,7,...}

q.e.dq.e.d..

++kk

computable,
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e) Computable Derivative

Theorem: Suppose C1 f:[0;1]→� is computable. 

Then f′ is again computable iff

f′ has a computable modulus of continuity µ'.

[Myhill'71][Myhill'71]:: computablecomputable hh∈∈CC11[0,1] [0,1] 
withwith ununcomputablecomputable hh'(1) '(1) 

Proof: Given x∈�, n∈�,  output (f(x+δ)−f(x))/δ.

Then f'(y) = (f(x+δ)−f(x))/δ for some y∈[x,x+δ] : 

Mean Value Theorem. 

δ:=2-µ'(n)

By hypothesis, | f'(y)− f'(x) | ≤ 2-n.

"Any computable functionalal is continuous!"
Corollary: Suppose C∞∞∞∞∞∞∞∞ f:[0;1]→� is computable. 

Then each derivative f(k), k∈�, is again computable.
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RecallRecall:: computablecomputable hh∈∈CC11[0,1] [0,1] 
withwith ununcomputablecomputable hh'(1) '(1) 

∂²/∂t² u(x,t) = ∆u(x,t),  u(x,0)=ƒ(x),   ∂/∂t u(x,0)=g(x)

3D 3D Kirchhoff'sKirchhoff's

formulaformula::

Uncomputable Wave Equation

≡≡≡≡≡≡≡≡ 00==hh(|(|xx||²²))
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Computable Wave Equation

[Weihrauch&Zhong'02] Sobolev space solution computable!

Mathematically well-known loss of regularity "one derivative":

∂²/∂t² u(x,t) = ∆u(x,t),  u(x,0)=ƒ(x),   ∂/∂t u(x,0)=g(x)≡≡≡≡≡≡≡≡ 00

Example Example (spherical (spherical coordcoord)): : ff((rr··sinsinθθ··coscosφφ,,rr··sinsinθθ··sinsinφφ,,rr··coscosθθ) ) 

:= (:= (rr--1)1)··(2(2--rr))··((φφ--ππ/6)/6)··((ππ/4/4--φφ)   )   for   for   11≤≤rr≤≤2 , 2 , ππ/6/6≤≤φ≤πφ≤π/4./4.

:=  0:=  0 otherwise otherwise 

⇒⇒ uu(1,0,0,0) (1,0,0,0) ≠≠ 0 = 0 = uu(1,0,0,(1,0,0,εε)  )  ∀∀ε≠ε≠00:  :  spatial discontinuityspatial discontinuity

"Any computable functionalal is continuous!"
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Discontinuous Wave Equation

Example Example (spherical (spherical coordcoord)): : ff((rr··sinsinθθ··coscosφφ,,rr··sinsinθθ··sinsinφφ,,rr··coscosθθ) ) 

:= (:= (rr--1)1)··(2(2--rr))··((φφ--ππ/6)/6)··((ππ/4/4--φφ)   )   for   for   11≤≤rr≤≤2 , 2 , ππ/6/6≤≤φ≤πφ≤π/4./4.

:=  0:=  0 otherwise otherwise 
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Computable rootof

"Any computable functionalal is continuous!"

Computable Intermediate Value Theorem: 
Suppose  f:[0;1]→[-1;1] is continuous  with  f(0)<0<f(1).
Then f has a root: some (or many)  x∈[0;1]  with  f(x)=0.

Computable Intermediate Value Theorem: 

Then f has some computable root x∈[0;1]  with  f(x)=0.
Suppose  f:[0;1]→[-1;1] is computable with  f(0)<0<f(1).

Proof (Bisection): 
f has (at least one) root in [a;b].
• If f((a+b)/2)<0 then let  a:=(a+b)/2 and continue.

• If f((a+b)/2)>0 then let  b:=(a+b)/2 and continue.

• If f((a+b)/2)==0 then return (a+b)/2.

Initially a:=0, b:=1.

n-th iteration:   |b-a| = 1/2n

ff has a root inhas a root in ��: : 
computable!computable! ((ff is fixed!)is fixed!)
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Computable Urysohn

ProofProof:: LetLet ff((tt) :=) :=  ∑  ∑mm

ccmm ccmm++rrmmccmm--rrmm

rrmm//22mm

LemmaLemma:: LetLet ((ccmm))
mm
,,  ((rrmm))

mm
⊆⊆ DD bebe computablecomputable sequencessequences..

ThereThere existsexists a a computablecomputable functionfunction ff:[0;1]:[0;1]→→[0;1][0;1]

such such thatthat ff--11[0] = [0;1][0] = [0;1]\\mm ((ccmm--rrmm,,ccmm++rrmm))..

max(0,max(0,rrmm--||tt--ccmm|)/|)/22mm

CC∞∞

CC∞∞ mollifiermollifier φφ((tt) ) 
= = exp(exp(--tt²²/1/1--tt²²),  |),  |tt|<1|<1
= 0,   |= 0,   |tt| | ≥≥11

φφ((rrmm--||tt--ccmm|)/2|)/2mm
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Uncomputable argmin , rootof

approximatingapproximating a a rootroot
vs. vs. approximateapproximate rootroot

Lemma:Lemma: ThereThere existexist computablecomputable sequencessequences

((ccmm))
mm
,,  ((rrmm))

mm
⊆⊆ DD such such thatthat UU := := mm ((ccmm--rrmm,,ccmm++rrmm))

containscontains all all computablecomputable realsreals in [0;1]in [0;1]

and has and has measuremeasure   ≤≤½½..

CorollaryCorollary:: ThereThere isis a a computablecomputable ff:[0;1]:[0;1]→→[0;1][0;1]
such such thatthat ff--11[0][0] has has measuremeasure ≥≥½½

butbut containscontains no no computablecomputable real real numbernumber..

LemmaLemma:: LetLet ((ccmm))
mm
,,  ((rrmm))

mm
⊆⊆ DD bebe computablecomputable sequencessequences..

ThereThere existsexists a a computablecomputable functionfunction ff:[0;1]:[0;1]→→[0;1][0;1]

such such thatthat ff--11[0] = [0;1][0] = [0;1]\\mm ((ccmm--rrmm,,ccmm++rrmm))..
CC∞∞

CCCCCCCC∞∞



CS700 M. Ziegler
Singular Covering of Computable Reals

ProofProof ideaidea ((diagonalizediagonalize againstagainst allall PP):):

SimulateSimulate programprogram PP

untiluntil itit outputsoutputs ((aa00,,aa11,,......aa〈〈PP〉〉+4+4))∈∈��∗∗

s.t. s.t. 00≤≤aann≤≤22nn,  ,  ||aann/2/2
nn--aamm/2/2mm|| ≤ ≤ 22--nn++22--mm ∀∀n,mn,m≤≤〈〈PP〉〉+4+4

and and letlet cc〈〈PP〉〉 := := aa〈〈PP〉〉+4+4/2/2〈
〈PP〉〉+4+4 and and rr 〈〈PP〉〉 := 1/2:= 1/2〈〈PP〉〉+3+3..

UU has has measuremeasure ≤≤ ∑∑〈〈PP〉〉 22rr 〈〈PP〉〉 = = ½½..

PP computescomputes rr∈∈RR

iffiff printsprints sequencesequence aann⊆⊆�� withwith ||aann/2/2
nn -- aamm/2/2mm| | ≤≤ 22--n n ++22--mm

What if P does not

produce infinite 
output?

Lemma:Lemma: ThereThere existexist computablecomputable sequencessequences

((ccmm))
mm
,,  ((rrmm))

mm
⊆⊆ DD such such thatthat UU := := mm ((ccmm--rrmm,,ccmm++rrmm))

containscontains all all computablecomputable realsreals in [0;1]in [0;1]

and has and has measuremeasure   ≤≤½½..

covers any fixed countable subset of [0;1]

"A countable real set has measure 0"
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d) Un/computability 
with Real Functions

"Any computable functionalal is continuous!"

� [Myhill'71]: Myhill'71]: ununcomputablecomputable derivativederivative

�� Sufficient condition for Sufficient condition for computablecomputable derivativederivative

�� [[PourPour--El&Richards'81]: El&Richards'81]: 

ununcomputablecomputable Wave Wave EquationEquation

�� [[Weihrauch&Zhong'02] Weihrauch&Zhong'02] computablecomputable Wave Wave EquationEquation

� [Specker'59]: Specker'59]: ununcomputablecomputable argmin/rootargmin/root

�� ComputableComputable IntermediateIntermediate ValueValue TheoremTheorem

�� ComputableComputable ""singularsingular" " coveringcovering

of all of all computablecomputable realsreals
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RestrictionRestriction FF⊑⊑⊑⊑⊑⊑⊑⊑GG: : smallersmaller domaindomain

and/orand/or larger larger range(srange(s).).

f) Multifunctions

•• AkaAka nonnon--extensionalextensional ""functionsfunctions""

•• UnavoidableUnavoidable in in realreal computationcomputation!!

AA ppartial artial multimultifunctionfunction GG::⊆⊆XX⇒⇒⇒⇒⇒⇒⇒⇒Y  Y  isis a a 
rrelationelation GG⊆⊆XX××Y Y // setsetfunctionfunction GG::XX→→PP((YY))

Θ

ε

ε

ΘΘεε iis s 
computable.computable.

nonott00

AnyAny
computablecomputable
functionfunction isis
continuouscontinuous

SearchSearch problem problem ff: Input : Input xx,,
output output some/any some/any yy∈∈GG((xx));;

not necessarily not necessarily all all yy∈∈∈∈∈∈∈∈GG((xx))

"easier"
"easier"

FunctionFunction problem: problem: 
Input Input xx,, output output yy==GG((xx));;

Heaviside
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Computable Multifunctions

Def: Compute f:⊆�→�: 

Convert any (am)⊆� with |x-am/2m| ≤ 2-m , x∈dom(f),
to some (bn)⊆� with |y-bn/2

n| ≤ 2-n ,  y = f(x).
x∉∉∉∉∉∉∉∉dom(f) |x-a /2m| >2-m 

⇒⇒⇒⇒⇒⇒⇒⇒

∈∈∈∈∈∈∈∈

AnyAny
computablecomputable
functionfunction isis
continuouscontinuous

Archimedian Property of the Reals:
To any r∈� there exists
some z∈� with z≥r.

AA ppartial artial multimultifunctionfunction GG::⊆⊆XX⇒⇒⇒⇒⇒⇒⇒⇒Y  Y  isis a a 
rrelationelation GG⊆⊆XX××Y Y // setsetfunctionfunction GG::XX→→PP((YY))

There is no computable
function f:�→� with f(r)≥r.

is a multimulti--
⇒⇒⇒⇒⇒⇒⇒⇒

Θ

ε

ε

ΘΘεε iis s 
computable.computable.

nonott00

Fundamental Theorem of AlgebraFundamental Theorem of Algebra::
GivenGiven aa00,,……aadd--11∈∈��,  ,  returnreturn rootsroots xx11,,……xxdd∈∈�� of of monicmonic
aa00+a+a11··X+X+……+a+add--11··XX

dd--11+X+Xdd ∈∈��[[XX]]

in in whichwhich order??order??

incl. multiplicities
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Enrichment in Linear Algebra

� rank:�d×d→� discontinuous, uncomputable
� Gauss' Algorithm: pivoting = test for in/equality
� dimension/basis of kernel/range, eigenvectors: uncomputable

� rank:⊆�d×d×� ∋ (Α,r=rank(A))→rank(A)∈�

� kernelbasis: (Α,r=rank(A)  ) ⇒⇒⇒⇒ �d×r

� eigenbasis: {(A,δ): symmetric A∈�d×(d-1)/2

has exactly δ∈� distinct eigenvalues}  ⇒⇒⇒⇒ �d×d

, r=rank(A)

×� trivialtrivial

Computable!Computable!

Computable!Computable!

, r=rank(A)

""EnrichmentEnrichment": ": G.Kreisel&A.MacintyreG.Kreisel&A.Macintyre p.238/239 in "p.238/239 in "TheThe L.E.J. L.E.J. 
BrouwerBrouwer CentenaryCentenary Symposium"1982  (Symposium"1982  (Troelstra&vanTroelstra&van Dalen Dalen edt.sedt.s))

REAL **diagonalize(int d,REAL **matrix ), 
int nDistinctEValues );

;
canonical declaration

δ:=Card σ(A)

[Algorithm: [Algorithm: rr rounds of LUPQ decomposition with full pivotingrounds of LUPQ decomposition with full pivoting……]]
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Recall: Computable Intermediate Value Theorem

More Examples of Enrichment

RecallRecall:: SupposeSuppose CC1 1 ff:[0;1]:[0;1]→→�� isis computablecomputable. . 

ThenThen ff′′ isis againagain computablecomputable iffiff

ff′′ has a has a computablecomputable modulusmodulus of of continuitycontinuity µµ''..

2

!

But must "know" some bound B∈� on  f'' !

Then f has some computable root x∈[0;1]  with  f(x)=0.
Suppose  f:[0;1]→[-1;1] is computable with  f(0)<0<f(1).

Proof (Bisection): 
f has (at least one) root in [a;b].
• If f((a+b)/2)<0 then let  a:=(a+b)/2 and continue.

• If f((a+b)/2)>0 then let  b:=(a+b)/2 and continue.

• If f((a+b)/2)==0 then return (a+b)/2.

Initially a:=0, b:=1.
Enrichment:Enrichment: rootroot∈∈�� or "promise": no or "promise": no rootroot∈∈��

Consider power series  f(z)= ∑m cm·zm,  cm∈� computable.

Radius of converg.  0<R=1/limsupm |cm|1/m .

Fix any r<R.  ∃B∈� ∀m:  |cm| ≤ B/rm.

⇒ computable tail bound |∑m>M cm·zm| ≤ geometric series.
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(d-1)-fold Advice does not suffice for
d××××d Symmetric Matrix Diagonalization

00

00

00

0ε
εε
εε
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g) Computing Real Operators

EquivalentEquivalent ((WeierstraWeierstraßß):): printprint a a sequencesequence (of (of degreesdegrees

and and coefficientcoefficient listslists of) of) ((PPnn))⊆⊆��[[XX] ] withwith ||||ff--PPnn||||∞∞ ≤≤22--nn

RecallRecall:: To To ccomputeompute ff::KK⊆⊆��→→�� meansmeans::

CConvertonvert anyany ((aamm))⊆⊆�� withwith ||xx--aamm/2/2mm| | ≤≤ 22--m m , , xx∈∈dom(dom(ff)),,

to to somesome ((bbnn))⊆⊆�� withwith ||yy--bbnn/2/2nn| | ≤≤ 22--nn ,  ,  yy==ff((xx))..

ComputeCompute rr∈∈��: : printprint sequencesequence ((aan n ))⊆⊆�� st.st. ||rr−−aann/2/2
nn| | ≤≤ 22--nn

Definition:Definition: To To ccomputeompute ΛΛ::⊆⊆CC((KK) ) →→�� meansmeans::

CConvertonvert anyany ((PPmm))⊆⊆��[[XX] ] withwith ||||ff--PPmm||||∞∞ ≤≤22--mm, , ff∈∈domdom((ΛΛ)),,

to to somesome ((bbnn))⊆⊆�� withwith ||yy--bbnn/2/2nn| | ≤≤ 22--nn ,  ,  yy==ff((xx))..

Any computable functionalal is continuous!

Definition:Definition: To To ccomputeompute ΞΞ::⊆⊆CC((KK) ) →→CC((KK'')) meansmeans::

CConvertonvert anyany ((PPmm))⊆⊆��[[XX] ] withwith ||||ff--PPmm||||∞∞ ≤≤ 22--mm, , ff∈∈domdom((ΞΞ)),,

to to somesome ((QQnn))⊆⊆��[[XX] ] withwith ||||gg--QQnn||||∞∞ ≤≤ 22--nn,  ,  g=g=ΞΞ((ff))..

Any computable functionalal/operator is continuous!
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Non/uniform Un/computability

Definition:Definition: To To ccomputeompute ΛΛ::⊆⊆CC((KK) ) →→�� meansmeans::

CConvertonvert anyany ((PPmm))⊆⊆��[[XX] ] withwith ||||ff--PPmm||||∞∞ ≤≤22--mm, , ff∈∈domdom((ΛΛ)),,

to to somesome ((bbnn))⊆⊆�� withwith ||yy--bbnn/2/2nn| | ≤≤ 22--nn ,  ,  yy==ff((xx))..

Any computable functionalal/operator is continuous!

DisDiscontinuouscontinuous::
●● ∂∂∂∂∂∂∂∂::CCCCCCCC11[0,1][0,1]→→CCCCCCCC[0,1][0,1]
●● rootof

Definition:Definition: To To ccomputeompute ΞΞ::⊆⊆CC((KK) ) →→CC((KK'')) meansmeans::

CConvertonvert anyany ((PPmm))⊆⊆��[[XX] ] withwith ||||ff--PPmm||||∞∞ ≤≤ 22--mm, , ff∈∈domdom((ΞΞ)),,

to to somesome ((QQnn))⊆⊆��[[XX] ] withwith ||||gg--QQnn||||∞∞ ≤≤ 22--nn,  ,  g=g=ΞΞ((ff))..

Non-uniform computability:

Stronger uniform computability: 

Uniformly computable 
⇒ continuous.

"If xx is computable, so is ff((xx))".
"ff:x→f(x) is computable"

Applies also to uncomputable xx, requires way of encoding xx!

"If ff is computable, so is Λ(f)".
"ΛΛ:f→Λ(f) is computable"

Applies also to uncomputable ff,  requires way of encoding ff!
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Uniformly Computable Op.s

Definition:Definition: To To ccomputeompute ΛΛ::⊆⊆CC((KK) ) →→�� meansmeans::

CConvertonvert anyany ((PPmm))⊆⊆��[[XX] ] withwith ||||ff--PPmm||||∞∞ ≤≤22--mm, , ff∈∈domdom((ΛΛ)),,

to to somesome ((bbnn))⊆⊆�� withwith ||yy--bbnn/2/2nn| | ≤≤ 22--nn ,  ,  yy==ff((xx))..

Definition:Definition: To To ccomputeompute ΞΞ::⊆⊆CC((KK) ) →→CC((KK'')) meansmeans::

CConvertonvert anyany ((PPmm))⊆⊆��[[XX] ] withwith ||||ff--PPmm||||∞∞ ≤≤ 22--mm, , ff∈∈domdom((ΞΞ)),,

to to somesome ((QQnn))⊆⊆��[[XX] ] withwith ||||gg--QQnn||||∞∞ ≤≤ 22--nn,  ,  g=g=ΞΞ((ff))..

a) a) PointwisePointwise addition, multiplication are computable.addition, multiplication are computable.

c) c) LetLet ff bebe computablecomputable. . ThenThen so so areare

∫∫ff: : xx→∫→∫x
x

ff((tt) ) dtdt and  and  max(max(ff):):xx→→max{max{ff((tt):):tt≤≤xx}} ..

c) c) The operators The operators ∫∫ and  and  max()max() are computable, whereare computable, where

d) d) UnUncomputablecomputable:: ●● ∂∂∂∂∂∂∂∂::CCCCCCCC11[0,1][0,1]→→CCCCCCCC[0,1]    [0,1]    ●● rootof

b) b) Composition  Composition  ((ff,,gg) ) →→ gg◦◦ff is computable. So is is computable. So is joinjoin ..

NonNon--uniform: uniform: "Fix computable "Fix computable f,gf,g. Then . Then f+gf+g is computable".is computable".
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Encoding Compact Subsets

Examples/applications: Computing Fractals

Def: Call A∈K(�d)  computable if

KK((XX)) = { non-empty compact subsets of topolog. space X }

a) the distance function dA is computable

Distance Distance functionfunction of A⊆X: dA:X∋x→inf{ d(x,a) : a∈A } ∈�

b) the soft characteristic multifunction 2A is computable

Soft Soft characteristiccharacteristic multimultifunctionfunction of A⊆X:

2A(x,n) = ++ if dA(x)≤2−n,

(X,d)
metric
space

2-n

xxxx-
+

±

2A(x,n) = --  if dA(x)≥2−n−1

XX
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Later: b) b) ⇒⇒ a)a) is NP-"complete"

ComputeCompute ff: : convertconvert anyany ((aamm))⊆⊆� � withwith

||xx--aamm/2/2mm|| ≤ ≤ 22--mm, to, to ((bbnn))∈∈�� withwith ||yy--bbnn/2/2
nn|| ≤ ≤ 22--nn

Def: Call A∈K(XX)  computable
a) if the distance function dA is computable

ddAA::XX∋∋xx→→infinf{ { dd((xx,,aa) : ) : aa∈∈AA }} ∈∈��

b) if the soft characteristic multifunction 2A is computable

22AA((x,nx,n) = ) = ++  ifif ddAA((xx))≤≤22−−nn,,

22AA((x,nx,n) = ) = --   ifif ddAA((xx))≥≥22−−nn−−11

Theorem:Theorem: (a) and (b) are equivalent  [even uniformly].(a) and (b) are equivalent  [even uniformly].

Proof,Proof, a) a) ⇒⇒ b): immediate.b): immediate.

b) b) ⇒⇒ a):  scan grid of width a):  scan grid of width 22--nn--11

Un/computable Set Operations

+
dA(x)=?  ±2-n

x

-+- +-+- +-

yy∈∈ff((xx))

Theorem Theorem (Boolean operations on compact sets)(Boolean operations on compact sets): : 

a)  a)  ∪∪∪∪∪∪∪∪ is computable: is computable: √√

b)  b)  ∩∩∩∩∩∩∩∩ is is ununcomputablecomputable::
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§2 Computability over the Reals

a) Computing Real Numbers

�Three equivalent notions, 

�counter/examples, oracle-computable reals

b) Computing Real Sequences

�semi-decidability / strong undecidability of Equality

�every computable sequence misses a computable Real

c) Computing Real Functions

�closure properties: composition, restriction, sequences

�necessarily continuous

�Computable Weierstrass Theorem

�quantitative continuity
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§2 Computability over the Reals

d/e) Un/computability with Real Functions

�un/computable Derivative

�un/computable Wave Equation

�un/computable Root Finding

f) Multi-Functions & Enrichment

�generalized restriction, fundamental theorem of algebra

�real computability, fuzzy sign, Archimedian property

� linear algebra, analytic functions

g) Computing Real Operators

�Encoding continuous functions

�Encoding compact subsets

• Uniform computability

• Boolean Set Operations


