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rem: Forrl . the follow valent:
D&RED (For Lomisigiavng are equivalent
a) I has a decidable binary expansion

{n:b=1}I for r= _b/2"
b) There exists an algorithm computing
a sequence (a,)l  with |r a /2" 2™

c) There exist algorithms computing

three sequences (a.),(b.),(c)I
with |r a. /b, | 1l/ic, O

Ernst Specker (1949): (¢)FT (d) Oracl'e
d) There is an algorithm computing ()] st q, T.

H={ x: x} |
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Theorem: For rl , the following are equivalent:
a) I has a decic{able binary expansion
{n:b=1}1 forr= _Db/2"
b) There exists an a!gorithm computing
a sequence (a,)l  with |r a /2" 2™

c) There exist algorithms computing

three sequences (a.),(b.),(c)I

with |r a /b, | 1l/ic, O

Lemma: Forrl and (a )l with|r a /20 2
<O U $na<l and r>0 U $na>1
Lemma: For [X y| 1/2"1 a=y-2" has |x a/2" 2"
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1 ab a+b, ab, 1/a (at0)

pl [XJo  p2

U p(x) X0

| 3 D.

1 X expi), sinx), log(x)

4 2 ( m<j, t(m)< 2—m)j S S

& {01.2,..., }'"t( x)=6 4 X0

Compute I# ni al 0 |r-a/2n 2"
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= (%= ? %M= XX [ %=, 2]

/M ) | WHILE X, DOPEND )
" | # !
$ 3 ! 1 (r;)
r:=lm; r, & HO
r & H
(r) & r=limr; 0
4 2 ( m<j, t(m)< Z_m)j S S
& 0192 Pt X)=6 4 X0
oracle

Compute'T# ni al 0 |r-a/2n 2"
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& | S n,l
a=a, | & [r-a/2" 2N
11 (ry) 00
Ir-r;| 21+2 lim, r, 0
|
11 ()
{J:r; O} 0
( 1 2 { 3 J
| 1/j! 0
b) cfy()I {01} 0

c) ry:= 1/20 ] [0,1]
& {J:rp 0}=H + 0
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& | ()l n,jl

Vo

a=a, | & |r-a/27 2N

Proof (Diagonalization):

Consider ‘'diagonal’ sequence (|, := @y, [22r+1 ]
Inductively define nested intervals | | |, of width 1/3
such thatr | I ) q. q.
Hence {X} = I,

with computable X I,

In1

b) computing a sequence (a,)l  with |r a /20| 2™
c) computing three sequences (a.),(b.),(c.)I
with |r a /b | 1/c, O
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& | S n,l
a=a, | & [r-a/2" 2N
& ! f:l #
@)i & [xa/2m 2m X domf)
) & b/ 20, y=f(x).
/ kI domf) or $m: |x-a./2m| >2m
$ | 1 fi (r;)l dom()
f(r;) 0

0 (

Compute I# ni al 0 |r-a/2n 2"
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Any
computable
| function Is
| continuous
— b — >
N
& ! (@l & [xa 2m 2™,

) & |y-b/2 20 y=f(x).
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£ * f[0,1] & -
a=(a,)l
& a/2ME2m™ (b)) &  [f(X)-b /2" £2"
7 0
P [Xl& |f-P,|| £2"
2 2f(q).al  C[0,1]
U f 7
X-y| 2™ [f(x)-f(y)| 2" .
={a2n:al 1}, =
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Definition : Fix metric spaces (X,d) and (Y,e).

A modulus of continuity of f:(X,d) (Y,9 isany
such that d(x,x) 2= ™ implies e(f(x),f(x")) 2"

If X Y has andgyY Zhas , then gf has

Example: Lipschitz-continuous U modulus (n)En+ (1)

A

b) Holder-continuous U
modulus (N) £ (Nn)

c) h: [0:1]' x>" 1/In(ek) 1 [0;1]
has (only) exponential modulus.

1/In(ek)

L
0.004

d) h@ only) doubly exponential modulus.



KAIST

( CS700 M. Ziegler
+-, .., ,exp log, sin, cos
9 fl [0,1] 0
f: x® , f(t) dt max):x max{f(t):tEx}.
" f:[-1,0® g:[0,1]®
&  f(0)=g(0) : 0
C 2 (t) = exp(ta/1-t2) -1<t<1
t)=0 & 0

~ R
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exp:

| expt) — (1-H+2/2+3/6+...+ /n!) |

1/2 for |t] 1.

expt+k) = expf) - exp(1) --- exp(1), ki

il [0,1]

y = P5(x)

y=P3(x)

y=P2(x)

y=P1(x)

max():x max{f(t):tEx}

1/2 (n+1)

—> <«

To compute f:KI ~ ®

gl

CK3

2 1(q),
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exp:

fl [0,1] f: x® , f(t) dt
max(f):x max{f(t):tEx}

" f:[-1,0® f
0:[O0, 1J® &  f(0)=g(0) ﬁ

o/

To compute fKI ® : 2 2 1(0),
g CK3 '
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( 2<=>#

[? 1) 2@=>#

[$ DA 2BC>
4 2DE>#

S 5

"Any computable functional Iis continuous!”
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y.: ®H

f®*gand gcomputable 9h=2 "

* gu(¥):=g((x2®-1).2<)/20®) g/2w 9+

Ly ® O 2

1 hat functiong
AN A e.gH={235.7...N

0 o n=2 1Y n=1 1

h:= 4 dd, continuous, uncomputable,
yet h:= h' T 10:1] computable. g.e.d
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Proof: Givenxl ,nl , output (f(x+ ) f(x))/ N =2 ®
Then f'(y) =(f(x+ ) f(X))/ for some yI [xx+ ] :
Mean Value Theorem. By hypothesis, | f'(y) f(x)| 2™

| >¥7:[0;1] 0
fl0 ki (
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| hi CY0,1]
F G 2 & h(1)
#
N0/ I
wt.®) = 2o L J@D o)

i g, 9 do(@

f(@) := h(|Z[*)
u(t,0) = L(h(?) t) = W) 2t° + h(t?)

T2/1t2 u(x,t) = Du(x,t), u(x,0)=h(x[2) 1/t u(x,0)® 0
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Example (spherical coord): f(r-sin -cos ,r-sin -sin ,r-cos )
=(r-1)(2-r)( - /16)( /14- ) for 1r 2, /6 /4.

=0 otherwise
0/ 1
t — — — d —
wt.®) = 2o L J@D o)

u(1,0,0,00 0=u(1,0,0,) " O: spatial discontinuity

[Weihrauch&Zhong'02] Sobolev space solution computable!

Mathematically well-known loss of regularity "one derivative":

u(t,0) = L(h(?) t) = W) 2t° + h(t?)

"Any computable functional is continuous!”
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Example (spherical coord): f(r-sin -cos ,r-sin -sin ,r-cos )
=(r-1)(2-r)( - /16)( /14- ) for 1r 2, /6 /4.
=0 \
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rootof

Computable Intermediate Value Theorem:
Suppose f:[0;1]
Then f has some computable root xI [0;1] with f(x)=O0.

Proof (BI section):

f

[-1;1] is computable with f(0)<0<f(1).

Initially a:=0, b:=1.

nas (at least one) root in [a;b].

ff((a+
ff((a+

0)/2)<0t
0)/2)>0t

nen let a:=(a+b)/2 and continue.
nen let b:=(a+b)/2 and continue.

f f((a+b)/2)=0 then return (a+b)/2. ],
n-th iteratien;  |9-a| = 1/2 /“ F—

f has a root in

computable!

(f is fixed!)

"Any computable functional is continuous!”
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C (t) . 1

R r./2m
= exp(ta/1-12), [l
=0, { 1 /\ ,

19 ()= (r -[t-c. |)/2"

$ 19 (), (ry) | 0
f:[0;1]® [0;1]
0] = [0;AN . (c.-r..,C.tr)O

m m
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argmin , rootof

$ !
(Cm)m1 (rm)mi U= (Cm'rm’Cm'l'rm)
‘B3=>
HI O U
approximating a root
VS. approximate rog
f:[0;1]® [0;1]
0
$ 19 (G () | 0

f:[0;1]® [0;1]
F10] = [0;10\ p, (CoyF Gt )0
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"A countable real set has measure 0"

$ |
(Cm)m1 (rm)mi U= (Cm'rm’Cm'l'rm)
[0;1]
HI O \ rl
al & [a/2"-a/2m 2"+2™
7 * _#
$
(ap,ay,..@a )l ° <

000 a, 2" |a/2"-a /2" £2™+2M" nm +4
c =a .2 * r =1/2 0
U 2r =10
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( 2<=>#

[? 1) 2@=>#

[$ DA 2BC>
4 2DE>#

S 5

"Any computable functional Iis continuous!”
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A partial multifunction G:I X Y isa
relation Gl X Y/ setfunction G:X -

e Aka non-extensional "functions"
« Unavoidable in real computation!

Restriction F 45: smaller domain
and/or larger range(s).

Function problem:
Input X, output Y=G(X);
not necessarily all I G(x)

Jaises,

Any

() computable
function Is
continuous

e

A

Heaviside

>

o IS not
computable.
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A partial multifunction G: I X Y isa Any
relation Gl X Y/ oo

computable
Archimedian Property  of the Reals: function iIs
There Is a computable multi - continuous
function f: with f(r)>a
Fundamental Theorem of Algebra : Lin which order?? ]
Given Q,,...844 , returnroots X;,...X4l  of monic
agtay X+.. 42y XT+XY [X]  [lncl. multiplicities |
& | f:l #

@)l & [xa /27 2™ xi domf)
LI & y-b/20] 27, Wil f(X).
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rank; dd discontinuous, uncomputable
Gauss' Algorithm: pivoting = test for in/equality
dimension/basis of kernel/range, eigenvectors: uncomputable

ranki 997 ' (A, r=rank@)) rank@)l trivial
kernelbasis(A, r=rank@®))( 9" Computable!
[Algorithm: I rounds of LUPQ decomposition with full pivoting...]

eigenbasis: f, ): symmetric Al ¢ (@-1)2 =Card (A)

Pay

has exactly | distinct eigenvalues} 74 Computable!

"Enrichment": G.Kreisel&A.Macintyre p.238/239 in "The L.E.J.
Brouwer Centenary Symposium"1982 (Troelstra&van Dalen edt.s)

[ canonical declaration =int nDistinctEValues );
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| < £:]0:1] 0
f 5
But must "know" some bound Bl  on f"!

! Computable Intermediate Value Theorem
Suppose f:[0;1] [-1;1] is computable with f(0)<O<f(1).
Then f has some computable root xI [0;1] with f(x)=0.
Enrichment: rootl  or "promise": no rootl

Consider power series f(z2)= . c.-Z" ¢, computable.
Radius of converg. 0<R=1/limsupg, [c|*™.
Fixany r<R. $BI  "m: [c,| B/

computable tail bound | .y C.'Z2"| geometric series.



(d-1)-fold Advice does not suffice for KAIST
d”d Symmetric Matrix Diagonalization CS700 M. Ziegler

B|B e B e| e

B|B B| B e| e
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Compute rl : print sequence ()] st |r a/2" 20

| f:Ki #
) & [xa/2m 2™, xl domf)
b & |y-b/2] 20, y=f(X).
Equivalent (Weierstral3): _ 7
P [X& |f-Pl £2

& | 1 (K) (K) #
POl [X]1& |f-P.]| £2™f domX)
Q) [X& |g-Qill £2" g=X(.

Any computable functional/operator is continuous!
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Non-uniform computability: "If f |

Stronger uniform computability:

s computable, sois (f)".
f  (f) is computable”

Applies also to uncomputable f, requires way of encoding f!

Uniformly computable t

_ | continuous. a =
Discontinuous : /

1 10,1} 10,1] y

rootof
& ! | (K) (K" #

P [Xl& |f-P.]| £2™f domX)
Q) [X& [|g-Qll £2" g=X().

Any computable functional/operator Is continuous!
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a) Pointwise addition, multiplication are computable.

b) Composition (f,g g f iscomputable. So is join.
c) The operators and max() are computable, where

f: x® *f(t) dt max():x max{f(t):tEx} .
d) Uncomputable: . 10,1] [0,1] rootof

& | 1 (K)  (K) #
POl [X]1& |f-P.]| £2™f domX)
Q) [X& |g-Qill £2" g=X(.

Non-uniform: "Fix computable f,g. Then f+g is computable"
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Examples/applications: Computing Fractals

Def: Call Al (X) computable if Computability
a) the distance function d, is computable of Julia Sets

b) the soft characteristic multifunction 2, Is computable

‘ @

\\_/\_/\./, o
(X,d)

AAAAAAAAAAAAAAAAAAAAAAAA

Al X#
2\(x,n) =+ dy(x) 27 2,(x,n) =-  dy(¥) 2"*

' Al X#d X x inf{ d(x,a) :al A}l
(X) ={ non-empty compact subsets of topolog. space X }
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duX x inf{ d(x,@) :al A}l 2, =+ dy(x) 2"
Def: Call Al (X) computable ~ 2a6M) == d() 2"*
a) if the distance function d, is computable
b) If the soft characteristic multifunction 2, Is computable

Theorem: (a) and (b) are equivalent [even uniformly].
Proof, a) b): immediate. X

b) a): scan grid of width 2™1 &_’
d.(x\=? +2n

Theorem (Boolean operations on compact sets):
a) E is computable:

b) C is uncomputable: — -
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