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�Realizers, Multi/Functions between Represented Spaces

�(Continuous) Reduction between Representations

�Standard/Admissible representations; Main Theorem

�Sequences, Continuous Functions, Compact Subsets
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a) Basic Spaces

Classical/discrete/countable data processing: 
Input/process/output of (finite sequences of) bits or integers.
Other data (e.g. graphs) encode over finite no. bits/integers.

Universe of continuum cardinality, such as �,C(K),K(X) :
Encode over infinite sequences of bits/integers.

Cantor space CC = {= {00,,11}} ��

Baire space   BB = = ����

equipped with ultrametric
D(u,v) = 2-min{n:un≠vn}

Re/en-code one over the other

Def: Output Output u∈C or u∈B:  Print the sequence u0,u1,u2,...
Output in timetime t:�→�:   un appears after ≤t(n) steps.

in binary

0

1

1111

1

0

0 0 0 0

01

D(u,v) ≤ max{D(u,w),D(w,v)}

{0,1} *, �*
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Computing on Basic Spaces

Cantor C = {0,1} �,  Baire B = ��,  metric D(u,v) = 2-min{n:un≠vn}

Def: ComputeCompute F:⊆C→C :  On input u∈dom(F),  output F(u).BBBB

DefDef: : OutputOutput uu∈∈CC oror uu∈∈BB:  :  PrintPrint thethe sequencesequence uu00,,uu11,,uu22,...,...

Output in Output in timetime tt::��→→��:   :   uunn appears afterappears after ≤≤tt((nn) ) steps.steps.

Behave arbitrarily on other inputs regardlessregardless of of uu∈∈dom(dom(FF))
Compute in timetime t:�→�:   F(u)n appears after ≤t(n) steps.

Main Lemma: a) Every computable F:⊆C→C is continuous.

b) F computable in time t ⇒ t is a modulus of continuity of F.
c) partial  u→tA(u,n) is locally constant/continuous.
d) dom(F) compact, A computes F ⇒ has time bound t=t(n)

BBBB

tA(uu,n) := #steps algor.A makes on input on input uu until n-th output.

Example:  F(u) = 111.. if #initial 0s in u is odd

F(u) = 000.. if #initial 0s in u is even
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Compactness in Basic Spaces

König's Lemma: X⊆�� is compact

iff it is closed and the set

X* := { ā∈�** | ∃b∈��� : ā b ∈X }
of finite initial segments

is finitely branching.

Main Lemma: a) Every computable F:⊆C→C is continuous.

b) F computable in time t ⇒ t is a modulus of continuity of F.
c) partial  u→tA(u,n) is locally constant/continuous.
d) dom(F) compact, A computes F ⇒ has time bound t=t(n)

Reminder a) Cantor space C = {0,1} � is compact.

b) A subset X of a compact set is compact  iff X is closed.

c) Baire space B = �� is not compact.

BBBB

0

1

1111

1

0

0 0 0 0

01

22

33

22

33
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b) Representations

Classical/discrete/countable data processing: 
Input/process/output of (finite sequences of) bits or integers.
Other data (e.g. graphs) encode over finite no. bits/integers.

Universe of continuum cardinality, such as �,C(K),K(X) :
Encode over infinite sequences of bits/integers.

Def: A representation of a set X is 
a surjective partial mapping  ξ:→X.

A ξ-name of x∈X
is any u with ξ(u)=x.

binary: r = ∑n cn2
-n,  ĉ=(cn) ∈ C

rational: |r– a2n /a2n+1| ≤ 1/n

dyadic: |r– an /2
n| ≤ 2-n

ββ::⊆⊆CC→→[0;1][0;1]

ρρ::⊆⊆BB→→[0;1][0;1]

δδ::⊆⊆BB→→[0;1][0;1]

RecallRecall equivalenceequivalence: : rr has (a)has (a) decidabledecidable binarybinary expansionexpansion

b) b) computablecomputable sequencesequence ((aan n ))⊆⊆�� withwith ||rr−−aa22nn//aa22nn+1+1| | ≤≤ 1/1/nn

c) c) computablecomputable sequencesequence ((aan n ))⊆⊆�� withwith ||rr−−aann/2/2
nn| | ≤≤ 22--nn. . 

CC

CC((aann))nn
∈∈BB((binbin((aann))nn

))∈∈CC
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(Computing) Multi/Functions 
between Represented Spaces

binary: r = ∑n cn2
-n,  ĉ=(cn) ∈ C

rational: |r– a2n /a2n+1| ≤ 1/n

dyadic: |r– an /2
n| ≤ 2-n

Def: A representation of a set X is 
a surjective partial mapping  ξ:→X.

A ξ-name of x∈X
is any u with ξ(u)=x.

ComputingComputing f:X→Y means to compute a (ξ,υ)-realizer.

X Y

C C

f
ξ υ

F

A (ξ,υ)-realizerrealizer of f:X→Y is a F:dom(ξ)→dom(υ) s.t.  f◦ξ ⊑⊑⊑⊑ υ◦F.

restrictionrestriction⇒⇒⇒⇒⇒⇒⇒⇒

⇒⇒⇒⇒⇒⇒⇒⇒

RecallRecall:: To        To        ccomputeompute ff::⊆⊆��→→�� meansmeans

to to cconvertonvert anyany ((aamm))⊆⊆�� withwith ||xx--aamm/2/2mm| | ≤≤ 22--mm

to to somesome ((bbnn))⊆⊆�� withwith ||yy--bbnn/2/2nn| | ≤≤ 22--nn , , y y = = ff((xx););
behave arbitrarily otherwise.behave arbitrarily otherwise.

⇒⇒⇒⇒⇒⇒⇒⇒

∈∈∈∈∈∈∈∈

(δ,δ)-Observe: For u a ξ-name of x∈X and F a (ξ,υ)-
realizerrealizer of f:X⇒⇒⇒⇒⇒⇒⇒⇒Y,  F(u) is a υ-namename of y∈f(x).

For F a (ξ,υ)-realizerrealizer of f:X⇒⇒⇒⇒⇒⇒⇒⇒Y and G a (υ,ζ)-
realizerrealizer of g:Y⇒⇒⇒⇒⇒⇒⇒⇒Z,  G◦F  is a (ξ,ζ)-realizerrealizer of g◦f. BB BB

ββ::⊆⊆CC→→[0;1][0;1]

ρρ::⊆⊆BB→→[0;1][0;1]

δδ::⊆⊆BB→→[0;1][0;1]

CC

CC((aann))nn
∈∈BB((binbin((aann))nn

))∈∈CC
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Reduction between Representations

binary: r = ∑n cn2
-n,  ĉ=(cn) ∈ C

rational: |r– a2n /a2n+1| ≤ 1/n

dyadic: |r– an /2
n| ≤ 2-n

Def: A representation of a set X is 
a surjective partial mapping  ξ:→X.

A ξ-name of x∈X
is any u with ξ(u)=x.

ComputingComputing f:X→Y means to compute a (ξ,υ)-realizer.

X Y

C C

f
ξ υ

F

A (ξ,υ)-realizerrealizer of f:X→Y is a F:dom(ξ)→dom(υ) s.t.  f◦ξ ⊑⊑⊑⊑ υ◦F.

⇒⇒⇒⇒⇒⇒⇒⇒

⇒⇒⇒⇒⇒⇒⇒⇒

Def: Continuous reduction ξξ''��ξξ
means a (ξ',ξ)-realizerrealizer of id:X→X.

Examples: ββ��ρ, βρ, β��δ, δδ, δ��ρ, ρρ, ρ��δ, ρδ, ρ��β, δβ, δ��β.β.

transitive
BB BB

ββ::⊆⊆CC→→[0;1][0;1]

ρρ::⊆⊆BB→→[0;1][0;1]

δδ::⊆⊆BB→→[0;1][0;1]

CC

CC

Reduction ξξ''��ξξ means cont. F:dom(ξ'')→dom(ξ) st.  ξ'' ⊑⊑⊑⊑ ξ◦F
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Domains of Representations

binary: r = ∑n cn2
-n,  ĉ=(cn) ∈ C

rational: |r– a2n /a2n+1| ≤ 1/n

dyadic: |r– an /2
n| ≤ 2-n

Def: A representation of a set X is 
a surjective partial mapping  ξ:→X.

A ξ-name of x∈X
is any u with ξ(u)=x.

ComputingComputing f:X→Y means to compute a (ξ,υ)-realizer.

X Y

C C

f
ξ υ

F

Recall: dom(F) compact, A computes F ⇒ has time bound t

BB BB

ββ::⊆⊆CC→→[0;1][0;1]

ρρ::⊆⊆BB→→[0;1][0;1]

δδ::⊆⊆BB→→[0;1][0;1]

CC

CC

Examples: domdom(ρ(ρ)  )  is is notnot compact,compact,

domdom(β(β), ), domdom(δ(δ)  )  areare compact.compact. KKöönignig's 's 

LemmaLemma

Examples: ββ��ρ, βρ, β��δ, δδ, δ��ρ, ρρ, ρ��δ, ρδ, ρ��β, δβ, δ��β.β.

Reduction ξξ''��ξξ means cont. F:dom(ξ'')→dom(ξ) st.  ξ'' ==== ξ◦FKönig's Lemma: X⊆�� is compact iff it is closed and 

the set X* := { ā∈�** | ∃b∈��� : ā b ∈X }  of finite initial
segments is finitely branching.
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Admissible Representations

Def: A representation of a set X is 
a surjective partial mapping  ξ:→X.

A ξ-name of x∈X
is any u with ξ(u)=x.

binary: r = ∑n cn2
-n,  ĉ=(cn) ∈ C

rational: |r– a2n /a2n+1| ≤ 1/n

dyadic: |r– an /2
n| ≤ 2-n

ββ::⊆⊆CC→→[0;1][0;1]

ρρ::⊆⊆BB→→[0;1][0;1]

δδ::⊆⊆BB→→[0;1][0;1]

CC

CC

Examples: ββ��ρ, βρ, β��δ, δδ, δ��ρ, ρρ, ρ��δ, ρδ, ρ��β, δβ, δ��β.β.

Def: Representation ξ of X is admissibleadmissible if (i) is continuous 
and (ii) every continuous representation ξ' of X has:  ξξ''��ξ.ξ.

Examples: ββ is is notnot admissible.  admissible.  ρ  ρ  and and δ  δ  areare admissible.admissible.

Reduction ξξ''��ξξ means cont. F:dom(ξ'')→dom(ξ) st.  ξ'' ⊑⊑⊑⊑ ξ◦F

Examples: domdom(β(β), ), domdom(δ(δ)) compact, compact, domdom(ρ(ρ)) notnot compactcompact

Main TheoremMain Theorem [KW'85][KW'85]: : Fix admissible  Fix admissible  ξξ::→→XX and and υυ::→→YY. . 
ff::XX→→YY is continuous is continuous iffiff it has a continuous it has a continuous ((ξξ,,υυ))--realizerrealizer..
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Standard Representation

Representation of X is a surjective partial mapping  ξ:→X.

Def: Representation ξ of X is admissibleadmissible if (i) is continuous 
and (ii) every continuous representation ξ' of X has:  ξξ''��ξ.ξ.

Reduction ξξ''��ξξ means cont. F:dom(ξ'')→dom(ξ) st.  ξ'' ⊑⊑⊑⊑ ξ◦F

Def: Fix a topological T0 space X with subbasis On, n∈�++.
The standardstandard representationrepresentation ξ of X (wrt. On)  is the following:
A ξ–name of x∈X is a list of all n∈� (in any order) with  x∈On.

"Kolmogorov"

Theorem: The standard representation is admissible.

Proof: (i) ξ−1[On∩Om] = k,ℓ { u∈B: uk=n ∧ uℓ=m } open √

(ii) ξξ''��ξξ for every continuous (not necessarily surj.)  ξ':→X

Let  F(v)〈m,j〉 :=  m if ξ'[ (v0,v1 … vj ) ◦ �� ] ⊆ Om ,     := 0 else.

�–Pairing bijection "Hilbert Hotel" 〈x,y〉 = x + (x+y)·(x+y+1)/2
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Def a) For representations  ξ of X and  υ of Y,  write  ξξ××υυ
for the representation of  X×Y with (ξ×υ)(〈u,v〉) := (ξ(u), υ(v)).
b) For representations  ξj of Xj ,  j∈J⊆�, write  ∏∏j j ξξjj for the 
representation of  ∏∏jj∈∈JJ XXjj with ∏j ξj (〈u0,u1,u2,…〉) := (ξj(uj))j

Cartesian Product Representation

B/C–binary pairing 〈u,v〉 := (u0,v0,u1,v1, u2,...)

B/C–countable pairing 〈u0,u1,u2,… 〉〈j,n〉 :=  uj,n

Examples:
Recall δδ::→→��

δδ��::→→���  �  sequences of sequences of realsreals

δδ** ::→→��** vectors of vectors of realsreals

Representation of X is a surjective partial mapping  ξ:→X.
�–Pairing bijection "Hilbert Hotel" 〈x,y〉 = x + (x+y)·(x+y+1)/2

δδ** ��::→→((��[[XX])])�� sequences sequences 
of polynomialsof polynomials

δδ** ::→→��[[XX] ] real polynomialsreal polynomials
⊆⊆⊆⊆����*

Lemma: Lemma: If If ξξ::→→XX and  and  υυ::→→YY and and ξξjj::→→XXjj are admissible,are admissible,
then so are  then so are  ξξ××υυ::→→XX××YY and  and  ∏∏jj∈∈JJ ξξjj→→ ∏∏jj∈∈JJ XXjj..
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B/C–binary pairing 〈u,v〉 := (u0,v0,u1,v1, u2,...)

B/C–countable pairing 〈u0,u1,u2,… 〉〈j,n〉 :=  uj,n

Representing Functions & Sets

RecallRecall:: To To ccomputeompute ΞΞ::⊆⊆CC((KK) ) →→CC((KK')') meansmeans::

CConvertonvert anyany ((PPmm))⊆⊆��[[XX] ] withwith ||||ff--PPmm||||∞∞ ≤≤ 22--mm

to to somesome ((QQnn))⊆⊆��[[XX] ] withwith ||||gg--QQnn||||∞∞ ≤≤ 22--nn,  ,  g=g=ΞΞ((ff))..

Representation of X is a surjective partial mapping  ξ:→X.
�–Pairing bijection "Hilbert Hotel" 〈x,y〉 = x + (x+y)·(x+y+1)/2

δδ��::→→���  �  sequences of sequences of realsreals

δδ** ::→→��** vectors of vectors of realsreals

δδ** ::→→��[[XX] ] real polynomialsreal polynomials

δδ** ��::→→((��[[XX])])�� sequences sequences 
of polynomialsof polynomials

δδ□□::→→CC((KK)) continuous functionscontinuous functions

⊆⊆⊆⊆����*κκ::→→KK((XX))
compact subsetscompact subsets

ddAA::XX∋∋xx→→infinf{ { dd((xx,,aa) : ) : aa∈∈AA }}
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Theorem: δδ□□≡≡ δδ■■ areare admissibleadmissible, , κκ ≡≡ κκ'' areare admissibleadmissible..
Reduction ξξ''��ξξ means cont. F:dom(ξ'')→dom(ξ) st.  ξ'' ==== ξ◦F

Representing Functions & Sets II

RecallRecall:: To To ccomputeompute ff::KK⊆⊆��→→�� alsoalso meansmeans::

Compute real 'sequence' f(q),  q∈�∩K andand

computecompute a a modulusmodulus µµ::��→→�� of of continuitycontinuity of of ff..

δδ��::→→���  �  sequences of sequences of realsreals

δδ** ::→→��** vectors of vectors of realsreals

δδ** ::→→��[[XX] ] real polynomialsreal polynomials

δδ** ��::→→((��[[XX])])�� sequences sequences 
of polynomialsof polynomials

δδ□□::→→CC((KK)) continuous functionscontinuous functions

22AA((xx,n,n) = ) = ++  ifif ddAA((xx))≤≤22−−nn,,

22AA((xx,n,n) = ) = --  ifif ddAA((xx))≥≥22−−nn−−11

ddAA::XX∋∋xx→→infinf{ { dd((xx,,aa) : ) : aa∈∈AA }}

κκ::→→KK((XX))
compact subsetscompact subsets

x∈�

δδ■■::→→CC((KK)) continuous functionscontinuous functions

κκ''::→→KK((XX))
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