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AA((xx))== ??
AA((xx)=)=
gg((xx,,zz))

z=Bz=B((yy))
g

y=f(x)

yyyy''

Computing Integer FunctionFunctionalals/Operatorss/Operators

For For A,BA,B::��→→�� writewrite AA≼≼ BB ifif AA((xx))=g=g((xx,,BB((ff((xx)))) )) 
forfor polytimepolytime ff::��→→��,  ,  gg::��²²→→��

pp

••receivereceive inputinput xx
••processprocess xx→→yy=f=f ((xx))
••queryquery ""BB((yy)=)=zz""
••processprocess replyreply zz

(and (and inputinput xx))

••answeranswer ""AA((xx))""

polypoly
timetime

xx

Polytime Turing reduction A A ≼≼ BBpp
TT

B B 

TT[1][1]

Let B:�→� vary ⇒ operator  A: B → A(B) 

AA = = gg ◦◦ BB ◦◦ ff

TT[1][1]

== gg◦◦BB◦◦ff

Runtime depends on Runtime depends on xx∈∈��,,
and on and on BB::��→→��!!

length ℓ(x)∈�

length Λ(B):
�∋ℓ(x)→
ℓ(B(x))∈�

functional A: (B,x)→ A(B)(x)
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Runtime of Runtime of (B,x)→A(B)(x) depends on depends on xx∈∈�� andand BB::����

Polynomial Resource Bounds

Univariate polynomial ring ��[[NN]] :

= least set of terms pp (=formal expressions)

�containing constants 0,1 and variable N
Interpret N∈� ⇒ ��[[NN]] ∋∋ p p →→ p p ∈∈ ����

BBiivariate polynomials qq∈∈��[[NN,K,K]] :

Least set of terms contain. 0,1 and variabless N,K
Interpret N,KK∈� ⇒ ��[[NN,,KK]] ∋∋ q q →→ q q ∈∈ ����××��

22ndnd--order order polynomials PP∈∈��[[NN,,ΛΛ]] :

� closed under ++ and ××××××××  ⇒ also under composition ◦◦

Least set of terms containing 0,1 and variabless N,Λ
Interpret N∈�, Λ∈�� ⇒ ��[[NN,,ΛΛ]] ∋∋ P P →→ P P ∈∈ ����××����������

��terms induce functions: bounds in complexity theoryterms induce functions: bounds in complexity theory

P, FP, 
PSPACE

FPT
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��terms induce functions: bounds in complexity theoryterms induce functions: bounds in complexity theory

Degree of 2nd-order Polynomials

22ndnd--order order polynomials PP∈∈��[[NN,,ΛΛ]] :

� closed under ++ and ××××××××  ⇒ also under composition ◦◦

Least set of terms containing 0,1 and variabless N,Λ
Interpret N∈�, Λ∈�� ⇒ ��[[NN,,ΛΛ]] ∋∋ P P →→ P P ∈∈ ����××����������

Univariate polynomial ring ��[[NN]] :

deg:�[N]→�∪{−∞},  deg(0)=−∞,  deg(1)=0,  deg(N)=1,

deg(p+q)=max(deg(p),deg(q)),  deg(p××××q)=deg(p)+deg(q)

BBiivariate polynomials qq∈∈��[[NN,K,K]] : totaltotal--deg(deg(KK)=1)=1

DEG:�[N,Λ]→(�∪{ −∞}) �

DEG(0)=−∞,  DEG(1)=0,  DEG(N)=1,  

DEG(P+Q)=max(DEG(P),DEG(Q)),  

DEG(P××××Q)=DEG(P)+DEG(Q)

DEG(DEG(ΛΛ((PP))))((MM))
= = MM⋅⋅DEG(DEG(PP))

deg(p◦q) = deg(p) × deg(q)

Interpret N∈�, Λ∈��

Example: N× Λ( N³ × Λ(N+N²) + N × Λ³(N) ) + N³ × Λ(N)

DEG()=max( DEG()=max( 3+3+MM , , 
1+1+MM⋅⋅maxmax(3+(3+MM⋅⋅2,1+32,1+3⋅⋅MM)) ))



CS700 M. Ziegler

��terms induce functions: bounds in complexity theoryterms induce functions: bounds in complexity theory

Properties of 2nd-order Degree

22ndnd--order order polynomials PP∈∈��[[NN,,ΛΛ]] :

� closed under ++ and ××××××××  ⇒ also under composition ◦◦

Least set of terms containing 0,1 and variabless N,Λ
Interpret N∈�, Λ∈�� ⇒ ��[[NN,,ΛΛ]] ∋∋ P P →→ P P ∈∈ ����××����������

DEG:�[N,Λ]→(�∪{ −∞}) �

DEG(0)=−∞,  DEG(1)=0,  DEG(N)=1,  

DEG(P+Q)=max(DEG(P),DEG(Q)),  

DEG(P××××Q)=DEG(P)+DEG(Q)

DEG(DEG(ΛΛ((PP))))((MM))
= = MM⋅⋅DEG(DEG(PP))

deg(p◦q) = deg(p) × deg(q)
Theorem:Theorem: Fix Fix 22ndnd--order order polynomial PP∈∈��[[NN,,ΛΛ]]..
a)a) For every For every dd∈∈��, , PP((NN,,NN→→NNdd))∈∈��[[NN]:]: 1st ord.polynom

b) For all p∈�[N],  DEG(P)(degp)=deg P(N,p).
c) For all sufficiently large d∈�,  DEG(DEG(PP))((dd) ) ∈∈ ��[[dd]]

d) DEG(P(Q,•)) = DEG(P)××××××××DEG(Q), 
e) DEG(P(•,Q)) = 

DEG(P)◦◦DEG(Q)

PP((QQ,,••):= ():= (NN,,ΛΛ))→→PP((QQ((NN,,ΛΛ)),,ΛΛ))
PP((••,,QQ):= ():= (NN,,ΛΛ))→→PP((NN,,MM→→QQ((MM,,ΛΛ))))

Interpret N∈�, Λ∈�� 2828

33

15156633DegDeg

221100dd

Example: N× Λ( N³ × Λ(N+N²) + N × Λ³(N) ) + N³ × Λ(N)

DEG()=max( DEG()=max( 3+3+MM , , 
1+1+MM⋅⋅maxmax(3+(3+MM⋅⋅2,1+32,1+3⋅⋅MM)) ))

= 1+= 1+MM⋅⋅(1+3(1+3MM), ), MM≥≥22


