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= Degree of Polynomials

= Properties of 2"d-order Degree
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Computing Integer Functionals/Operators

T[1]

Polytime Turing reduction A<p B
_et BN-N vary = functional A: (B,X) — A(B)(x)
Runtime depends on XOON,—— length £(X)ON |

and on B:N*N!ﬁmngth A(B):\ ereceive input X
NI |, i
y [(BH)ON ) “Process Xy=HX)

2=B(y) ~query "B(Y)=2
eprocess reply z
X
— 5[ time >¢A(>_(): (and input X)
AN=? == gxg canswer"AW'

T[1]

For A BN—N write A<p B if A=goBof
for polytime NN, gN2_N
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= closed under + and x = also under composition o

Univariate polynomial ring N[N] :
= |least set of terms p (=formal expressions)
=containing constants 0,1 and variable N
Interpret NON = N[N] Op — p O N P, FP, ‘
o _ PSPACE
Bivariate polynomials qUN[N,K] :

Least set of terms contain. 0,1 and variables N K

Polynomial Resource Bounds

Interpret N,KON = N[N,K] Og — g 0 NW¥H FP
2nd-order polynomials PON[N,A] :
Least set of terms containing 0,1 and variables N.A

Interpret NON, ACNY = N[N,A] OP — P [

sterms induce functions: bounds in complexity theory
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Degree of 2"d-order Polynomials

= closed under + and x = degfrq) = degp) x deg@)
Bivariate polynomials qUN[N,K] : total-degK)=1
degN[N]->N{—x}, deg(0)=w, deg(1)=0, dedN)=1,
degp+g)=maxdegp),deg()), degpxq)=degp)+deg@)
DEGN[N,A]—-(NO{ =} DEG(A(P)(M)
DEG(0)=, DEG(1)=0, DEGY)=1, = MIDEG(P)
DEG(P+Q):ma><(DEG(P),DEG(Q)), DEG()=max(3+M :
DEG(PxQ)=DEG(P)+DEG(Q) 1-+MThax3+MR2,1+3M) )

2nd-order polynomials PON[N,A]

Least set of terms containing O, \ables N,A
Interpret NON, AONY = N[N,A] XY

Example: Nx AN x A(N+N2) + N X A3(N) ) + N3 x A@]




Properties of 2"d-order Degree
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= closed under + and x = degf-q) = degp) x degQ)

Theorem: Fix 2"d-order polynomial PON[N,A].

a) For every dUN, P(N,N—NYON[N]: 1st ord.polynom
b) For all pLN[N], DEG(P)(degp)=degP(N,p).

c) For all sufficiently large dOON, DEG(P)(d) [ N[d]
d) DEG(P(Q,*)) = DEGP)xDEG(Q),

e) DEG(P(-,Q) =
DEG(P)-DEG(Q)

DEG()=max(3+M,
1-+HMThax(3+M2,1+3Mm) )

P(¢,Q):= (N,A)—P(N,M—Q(M,A))

/= 1+MI+3M), M>2

P(Q.0):= (N.A)—=P(Q(N.A)A)

d 0 1 2 3

Interpret NON, ACNY

Deg| 3 6 | 15 | 28

Example: Nx A( N2 x A(N+N?) + N x A%(N) ) + N8 x A(N)




