.Introduction to Algorithms"

Summary of §2 Searching

e 2. Searching

— Linear Search » Specification

— Neighbor Search * Primitives:

— Binary Search semantics and cost
— Uniqueness * Design

— Hashing * Analysis

— Order Statistics/ » (Optimality)

Median in linear time!
— 1D Range Counting/Reporting
— 2D Range Counting/Reporting



2. Searching linear search

Specification: Fix set X.

Input: NeN and finite sequence x,,...xyeX Inarray x[1...N]

as well as yelX.

Output: ne{l,...N} such that x,=y or n=0 if X ¥y

Primitives: Access Non—-x[n]eX cost 1
Comparison “x=)7?” cost 1
Index integer arithmetic cost 1
Algorithm:
for n=1...N [ runtime O(N) }

if x[n]=y then return n;
return 0. correctness: \



2. Searching neighbor search

Specification: Fix set X with total order <.

In array x[1...N]

Input: NeN and finite sequence x,,...xyeX
with x, <...<xy

as well as yelX.

Output: ne{0,...N} suchthat x, <y <x, where x| =
Primitives: Access Nan—x[n]eX cost 1 Xo-= 7
ordered comparison “x<y?” cost 1
Index integer arithmetic cost 1

if x[1] >y then return 0;
for n=1...N _runtime O(N) |

if x[n] @y then return n-1;
return N. correctness: V




2. Searching binary search

Specification: Fix set X with total order <.

In array xJ[1...

Input: NeN and finite sequence x,,...xyeX
with x,s...<xy

as well as yelX.

Output: smallest »<N+1 such that y <x, where x,,, :=
Primitives: Access Nan—x[n]eX cost 1 Xo-m 7
ordered comparison “x<y?” cost 1
Index integer arithmetic cost 1
[:=0; r=N+1; _ correctness:
, runtime Nl<yp<
while [+1<r do O(log N) x[l] sy <x[r]

n = L(+r)2]; time analysis:
if y<x[n] then r:=n else [:=n; r=1'< [ (D12 ]



2. Searching uniqueness

Specification: Fix set X with total order <.

In array x[1...N]

with x, s...Sxy
Output: 1 if all elements are distinct:  Vij: x=x;, = i=j

0 if some element is repeated: JiZj: x=x,

Input: NeN and finite sequence x,,...xyeX

Primitives: Access Non—-x[n]eX cost 1
ordered comparison “x<y?” cost 1

Uniql (x[1..N]) (EI0E Uniq2 (x[1..N])
For z:=.2 to NC}O buer, For m:=1 to N—1 do OV)
For j:=1toi-1do

If x[i]=x[j] Return O;
Return 1;

If x[m]=x[m+1] Return O;
Return 1;




2. Searching uniqueness

Specification: Fix set X={0,.. . M-1}

Input: NeN and finite sequence x,,...xyeX Inarray x[1...N]

Output: 1 if all elements are distinct:  Vij: x=x;, = i=j
0 if some element is repeated: JiZj: x=x,

Primitives: lterable access Nan — m:=x|n] eN cost 1
Uniq3 ( x[1..N])

Boolean array present[0...M-1]; // initialized with 0/ false
For n:=1 to N do N M-

I‘EII Om | O m O

If present[x[n]] then return O; 3
present|x[n]] == 1; @eym=—. O(N) 1 x[]
memory O(M)J:

Endfor; return 1 — (1)

1




2. Searching ij;“f;r;:gfggg (ﬂz’;zii‘:";)
M1

Input: NeN and finite sequence x,,.

Specification: Fix set X={1,..

| xyeX In array x[1...N]

Output: 1 if all elements are disfinct:  Vij: x=x;, = i=j
0 if some element is repeated: JiZj: x=x,

Primitives: Arithmetic (on value/s!) Let P>N be prime.
ized with 0s  Guess random

Integer array y[0...P-1]; // mit1 )
Forn:=1to Ndo; p =x[n]"k mod P; keil,...p-1}
While y[p]*0 do N M-1]_

If y[p]=x[n] then retw ] -1
p:=(p+1)mod P Endwhile ; - ’
x(]

yvlp] = x[n] ; runtime O(?) , ! |
Endfor; return 1 memory O(P) K B

~UNY/




Hashing with Collision lllustrated
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P=17, k=1:
@, (x) =xmod 17

Integer array y[0...P—1]; // itialized with Os
Forn:=1toNdo; p:=x[n]k mod P
While y[p]*0 do w ~

If y[p]=x[n] then return O;
p:=(p+1)mod P ; Endwhile ;
ylp] = x[n];

Endfor; return 1

Worst-case!
Average case?

Choice of P?/

runtime O(N-P)
memory O(P)



2. Searching order statistics/

median
Specification: Fix set X with total order <.

Input: NeN and finite sequence x,,...xyeX Inarray x[1...N]

as wellas Ke{l,...,N}. always exists and is unique! |

Output: me{l,.N} sit. #{n:x,<x,} <K= #{n:x,sx,, }

Primitives: Access Non—-x[n]eX cost 1
ordered comparison “x<y?” cost 1
K-th order
statstics Mode
Median
Mode Mean Maode

Median/ E

Mlean



2. Searching order statistics/

median
Specification: Fix set X with total order <.

Input: NeN and finite sequence x;,...xyeX in.array x[1...N]
as wellas Ke{l,...,N}. with x, s...sxy

Output: me{l,.N} sit. #{n:x <x,} <K< #{n:x,<x, |

Primitives: Access Nan—-x[nleX cost 1
ordered comparison “x<y?” cost 1
OrderStatl (x[1..N]; K) [l

For m:=1 to N do O(N?)
a:=0; b:=0; For n:=1to N do

If x[n] <x[m] then a:=a+1; OrderStat2 (x[1..N]; K)

If x[n] < x[m] then b:=b+1; | Return K;
If a<K<b then Return m; O(1)




2. Searching Approximate Median

Specification: Fix set X with total order <. }C&edﬂ
' [1...N]

Input: NeN and finite sequence x,,...xyeXx M afay x
Output: m suchthat 0.3-N<=#{n:x,=x, } = 0.7-N+1

—
whgerglenente | O 1O |O] |0 [|O] O
Voo~ |0 O] |°
o o o (o o e
¢ ®, O ®, ) ®, x/\/‘ ®, O
i ol 3| |o ® O

Lemma: Median of 5-medians is
“>" at least ¥2-% = 30% of entries, thus “<* at most 70%.



2. Searching Linear-time Median

Specification: Fix set X with total order <. }C&edﬂ
' [1...N]

Input: NeN and finite sequence x,,...xyeXx ' aray X

Output: m suchthat 03 N=#{n:x,=x, } = 0.7-N+1

Function ApproxMedian ( x[],7,r) | To(®) = O(n) | Tx(n) = O(n)

@rocess x[l...r] In groups of 5, sorting each one to find its median.

Then call\G{ erStat to determine the median of these 5-medians.

Function Orde)S\Qt (x[1, 1, r, K)| Ta(n) = O(n) + T(0.2°n) ,
While I<r do | O(n), n:=r—I+1|| To(n) = Tx(n) + O(n) + T5(0.7-n)

Call Approgyle/ ian: determine approx. median m of x[/...r].
@’:=Split(x, [,r.x[m])|s.t. all elements <x[m] are left of those >x[m]

Proceed to the left (=decrease r) /right (=increase /) accordingly.



2. Searching Splitting

Specification: Fix set X with total order <. }C&edﬂ
' [1...N]

Input: NeN and finite sequence x,,...xyeXx ' aray X

I/ splits x[/..r] into

. Il x[I..m] entries <y and
If / = r return. // nothing to do /I x[m+1..r] those =y.

a=1; b:=r; While a<b do // Returns m.
While a<b and x[a] <y do a :=at+1 Endwhile;
While a<b and x[b] 2y do b:=b—1 Endwhile;
Swap(x[a].x[b]); Endwhile / [Sa=b=r

Function Split (x[];/,r;y)

Call ApproxMedian: determine approx. median m of x[/...r].

@plit x[i]s.t. all elements <x[m] are left of all those >x[m].
O(n), n:=r—[+1




2. Searching 1D Range
Counting

Specification: Fix set X with total order <.

In array x[1...N]

Input: NeN and finite sequence x,,...xyeX
with x,s...<xy

as well as input: x'<x" eX.

Output: #{m: x'<x <x"} eN Recall

r=BinSearch( x[], y):
smallest » = N+1
such that y <x,

Primitives: Access Non—-x[n]eX
ordered comparison

Rangel ( x[]; x', x" Range2 (x[];x", x") S0
t:=0; For m:=1 to N do | .= BinSearch( x[] ; x) O(log N)
If x'<x[m]=x" r := BiSearch( x[] ; x")
then 7:=t+1; If ~-/<0 then Return 0

runtime O(V) else Return r-/;




2. Searching 1D Range Counting,
Range

Tree

Specification: Fix set X with total order <.

Input: NeN and finite sequence x,,...xyeX

as well as input: x'<x" eX. Defer issues of
preprocessing!

Qutput: #{m: x'<x sx"} =K

O()

Depth/
runtime

O(log N)




2. Searching 2D Range Counting

Specification: Fix sets XY  with total orders <

Input: NeN and finite sequence (x,,p;),...(xy,Yn) € XXY

as well as input: (x'y") < (X"ay")//componentwise |

Output: #{m: (x'p")<(x,»,)s x"p'")} eN

Y
Xx-tree sorte
arrays\

memory

runtime
O(log* N)




2. Searching 3D Range Counting
Nested

Trees
Input: NeN and finite sequence (x,,Y1,21),---(XpVs2Zn) € XXVXZ
as well as input: (x,y,z) < (Womponentwise |

Output: #{ m: (x.2) <(x,.7,.%2,) < (x.y.2") } eN

x-tree J4€é\

memory

Specification: Fix sets X, Y,Z with total orders <




2. Searching 1D Range Reporting

Specification: Fix set X with total order <.

Input: NeN and finite sequence x,,...xyeX
as well as input: x'<x" eX.

Output: #{m: x'<x, <x"} not a number, but a set
cardinality =: K €{0...N}

memory

runtime
O(K+log N)




.Introduction to Algorithms"

Recap

2. Searching

— Linear Search » Specification

— Neighbor Search

* Primitives:
— Binary Search semantics and cost
— Uniqueness » Design
— Hashing  Analysis
— Order Statistics/ + (Optimality)
Median in |inear time!

— 1D Range Counting/Reporting
— 2D Range Counting/Reporting



