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Summary of  §2 Searching

• Specification

• Primitives: 
semantics and cost

• Design

• Analysis

• (Optimality)

„Introduction to Algorithms“

• 2. Searching
– Linear Search

– Neighbor Search

– Binary Search

– Uniqueness

– Hashing

– Order Statistics/
Median

– 1D Range Counting/Reporting

– 2D Range Counting/Reporting

in linear time!in linear time!
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Specification: Fix set X.

Algorithm:

for n=1…N

if x[n]=y then return n;

return 0.

Primitives:  Access ℕn→x[n]X

Comparison  “x=y?”

cost 1cost 1

cost 1cost 1

Input: Nℕ and finite sequence x1,…xNX
as well as  yX.

Output: n{1,...N} such that xn = y  or n=0  if xj≠ y 

correctness: correctness: √√

in arrayin array xx[1[1……NN]]

linear

Index integer arithmetic cost 1cost 1

runtime runtime OO((NN))
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if x[1] > y then return 0;

for n=1…N

if x[n] > y then return n-1;

return N.

cost 1cost 1

cost 1cost 1

Input: Nℕ and finite sequence x1,…xNX
as well as  yX.

Output: n{0,...N} such that xxnn ≤≤ y y << xxnn+1+1

correctness: correctness: √√

runtime runtime OO((NN))

in arrayin array xx[1[1……NN]]

neighbor

Index integer arithmetic cost 1cost 1

Specification: Fix set X with total order ≤.

Primitives:  Access ℕn→x[n]X

ordered comparison  “x≤y?”

wherewhere xxNN+1 +1 := := ∞∞
xx0 0 := := ––∞∞

withwith xx1 1 <<……<< xxNN
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Specification: Fix set X with total order ≤.

Primitives:  Access ℕn→x[n]X

ordered comparison  “x≤y?”

l:=0;  r:=N+1;     

while l+1<r do

n := (l+r)/2;   
if y<x[n]   then  r:=n else  l:=n;

time analysis:time analysis:
rr''−−ll'' ≤≤ ((rr−−ll)/2)/2

correctness:  correctness:  

xx[[ll] ] ≤≤ yy < < xx[[rr]  ]  runtime runtime 
OO(log(log NN))

in arrayin array xx[1[1……NN]]

cost 1cost 1

cost 1cost 1

withwith xx1 1 ≤≤……≤≤ xxNN

Index integer arithmetic cost 1cost 1

Input: Nℕ and finite sequence x1,…xNX
as well as  yX.

Output: smallest  r≤N+1 such that y < xr where xN+1 := ∞
x0 := –∞
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Specification: Fix set X

Input: Nℕ and finite sequence x1,…xNX

Output:Output: 11 if all elements are distinct:    if all elements are distinct:    i,ji,j:  :  xxii==xxjj  ii==jj
00 if some element is repeated:   if some element is repeated:   ii≠≠jj:  :  xxii==xxjj

Primitives:  Access ℕn→x[n]X

ordered comparison  “x≤y?”

withwith xx1 1 ≤≤……≤≤ xxNN

in arrayin array xx[1[1……NN]]

cost 1cost 1

cost 1cost 1

Uniq1 ( x[1..N] )
For i:=2 to N do

For  j:=1 to i-1 do
If x[i]=x[j] Return 0;

Return 1;

Uniq2Uniq2 ( ( xx[1..[1..NN] )] )

For For mm:=1 to :=1 to NN−−11 dodo

IfIf xx[[mm]=]=xx[[mm+1]  Return +1]  Return 00;;

Return Return 11;;

runtime runtime 
OO((NN²²))

runtime runtime 
OO((NN))

with total order ≤.
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Specification: Fix set X={0={0,,……MM‒‒11}}

Input: Nℕ and finite sequence x1,…xNX

Output:Output: 11 if all elements are distinct:    if all elements are distinct:    i,ji,j:  :  xxii==xxjj  ii==jj
00 if some element is repeated:   if some element is repeated:   ii≠≠jj:  :  xxii==xxjj

Primitives:  Access ℕn→x[n]X

in arrayin array xx[1[1……NN]]

cost 1cost 1

Uniq3Uniq3 ( ( xx[1..[1..NN] )] )

BooleanBoolean arrayarray presentpresent[0[0……MM‒‒11];  // initialized with ];  // initialized with 0/false0/false

For For nn:=1 to :=1 to NN do  do  

If  If  presentpresent[[xx[[nn]]]  then return ]  then return 00;;

presentpresent[[xx[[nn]]] := ] := 11;;

EndforEndfor;  return ;  return 11

uniqueness

runtime runtime OO((NN))
memorymemory O(O(MM))

0

MM--1 1 

1
1

NN

2

xx[][]

■
□

□
■
□
■
□
■

IterableIterable access access ℕℕn n →→ mm:=:=xx[[nn] ] ℕℕ
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k(x) = x·k mod P hashing
2. Searching
Specification: Fix set X={={11,,……MM‒‒11}}

Input: Nℕ and finite sequence x1,…xNX

Output:Output: 11 if all elements are distinct:    if all elements are distinct:    i,ji,j:  :  xxii==xxjj  ii==jj
00 if some element is repeated:   if some element is repeated:   ii≠≠jj:  :  xxii==xxjj

Primitives:

in arrayin array xx[1[1……NN]]

ArithmeticArithmetic (on (on valuesvalues!)!)

IntegerInteger arrayarray yy[0[0……PP‒‒11];  // initialized with ];  // initialized with 00ss

For For nn:=1 to :=1 to NN do ;    do ;    pp := := xx[[nn]]··kk mod mod PP; ; 
While  While  yy[[pp]]≠≠0  do0  do

If  If  yy[[pp]=]=xx[[nn]  then return ]  then return 00;;
pp := (:= (pp + 1) mod + 1) mod P P ;  ;  EndwhileEndwhile ;;

yy[[pp] := ] := xx[[nn] ;  ] ;  

EndforEndfor;  return ;  return 11

LetLet PP≥≥N N be be primeprime..

runtime runtime OO((??))
memorymemory OO((PP))

(division)

Guess Guess randomrandom
kk{1{1,,……PP‒‒11}}

0

MM--1 1 

1
1

NN

2

xx[][]
0

P-1 

1
⁝

k

yy[][]Correct?Correct?

collisioncollision
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IntegerInteger arrayarray yy[0[0……PP‒‒11];  // initialized with ];  // initialized with 00ss

For For nn:=1 to :=1 to NN do ;    do ;    pp := := xx[[nn]]··kk mod mod PP; ; 
While  While  yy[[pp]]≠≠0  do0  do

If  If  yy[[pp]=]=xx[[nn]  then return ]  then return 00;;
pp := (:= (pp + 1) mod + 1) mod P P ;  ;  EndwhileEndwhile ;;

yy[[pp] := ] := xx[[nn] ;  ] ;  

EndforEndfor;  return ;  return 11

P = 17,  k = 1:

k(x) = x mod 17

runtime runtime OO((NN∙∙PP))
memorymemory OO((PP))

Correct??Correct??

Worst-case!

Average case?

Choice of P?

P > N
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2. Searching
Specification: Fix set X

Input: Nℕ and finite sequence x1,…xNX
as well as  K{1,…,N}.

Output: mm{1,...{1,...NN}} s.t.   s.t.   #{#{n n : : xxnn < < xxmm }  < }  < KK ≤≤ #{#{n n : : xxnn ≤≤ xxmm }}

Primitives:  Access ℕn→x[n]X

ordered comparison  “x≤y?”

in arrayin array xx[1[1……NN]]

cost 1cost 1

cost 1cost 1

with total order ≤.

K-th order 
statstics

always exists and is unique!
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2. Searching
Specification: Fix set X

Input: Nℕ and finite sequence x1,…xNX
as well as  K{1,…,N}.

Output: mm{1,...{1,...NN}} s.t.   s.t.   #{ #{ nn : : xxnn < < xxmm }  < }  < KK ≤≤ #{ #{ nn : : xxnn ≤≤ xxmm }}

Primitives:  Access ℕn→x[n]X

ordered comparison  “x≤y?”

in arrayin array xx[1[1……NN]]

cost 1cost 1

cost 1cost 1

withwith xx1 1 ≤≤……≤≤ xxNN

OrderStat2OrderStat2 ( ( xx[1..[1..NN] ; ] ; K K ))

Return Return KK;; runtime runtime 
OO(1)(1)

OrderStat1 ( x[1..N] ; K )
For m:=1 to N do

a:=0;  b:=0;  For  n:=1 to N do
If x[n] < x[m]  then a:=a+1;
If x[n] ≤ x[m]  then b:=b+1;

If a < K ≤ b  then Return m;

runtime runtime 
OO((NN²²))

with total order ≤.
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Specification: Fix set X

Input: Nℕ and finite sequence x1,…xNX

Output: mm{1,...{1,...NN}} s.t.   s.t.   #{ #{ nn : : xxnn < < xxmm }  < }  < KK ≤≤ #{ #{ nn : : xxnn ≤≤ xxmm }}

in arrayin array xx[1[1……NN]]

with total order ≤.

Approximate Median

Output: m such that 0.30.3··NN ≤≤ #{#{n n : : xxnn≤≤ xxmm } } ≤≤ 0.70.7··NN+1+1

Lemma: Median of edian of 55--mediansmedians is
“≤” at least ½·⅗ = 30% of entries,   thus “>“ at most 70%.

ununsorted!sorted!

“≥” at least ½·⅗ = 30% of entries ,   thus “<“ at most 70%.
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Specification: Fix set X

Input: Nℕ and finite sequence x1,…xNX

Output: mm{1,...{1,...NN}} s.t.   s.t.   #{ #{ nn : : xxnn < < xxmm }  < }  < KK ≤≤ #{ #{ nn : : xxnn ≤≤ xxmm }}

in arrayin array xx[1[1……NN]]

with total order ≤.

Output: m such that 0.30.3··NN ≤≤ #{#{n n : : xxnn≤≤ xxmm } } ≤≤ 0.70.7··NN+1+1

Lemma: Median of edian of 55--mediansmedians is
“≥” at least ½·⅗ = 30% of entries,   and “<“ at most 70%.

ununsorted!sorted!

FunctionFunction ApproxMedianApproxMedian (( xx[], [], ll , , rr))

ProcessProcess xx[[ll......rr] in ] in groupsgroups of of 5,  sorting5,  sorting eacheach oneone to find to find itsits median.median.

ThenThen callcall OrderStatOrderStat to to determine determine thethe medianmedian of these of these 55--mediansmedians..

FunctionFunction OrderStatOrderStat ( ( xx[], [], ll, , rr, K, K))

WhileWhile ll<<rr dodo

CallCall ApproxMedian:ApproxMedian: determinedetermine approx. approx. median median mm of of xx[[ll……rr].].

mm'':=:=SplitSplit((x,l,rx,l,r,,xx[[mm])]) s.t. all elements <s.t. all elements <xx[[mm] are left of those >] are left of those >xx[[mm]]

If  If  KK<<mm--ll thenthen rr:=:=mm else  else  K:=KK:=K--((mm--ll)); ; ll:=m  Endif:=m  Endif

TA(n) = O(n) + TO(0.2·n) , 

TO(n) = TA(n) + O(n) + TO(0.7·n)O(n), n:=rr−−ll+1+1

TO(n) = O(n) + TO(0.9·n)TO(n) = O(n) TA(n) = O(n)

Linear-time Median

Proceed to the left (=decrease Proceed to the left (=decrease rr)  /right (=increase )  /right (=increase ll) accordingly.) accordingly.
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Specification: Fix set X

Input: Nℕ and finite sequence x1,…xNX in arrayin array xx[1[1……NN]]

with total order ≤.

Lemma: Median of edian of 55--mediansmedians is
“≥” at least ½·⅗ = 30% of entries,   and “<“ at most 70%.

ununsorted!sorted!

Function OrderStat ( l , r )

While l<r do

CallCall ApproxMedian:ApproxMedian: determinedetermine approx. approx. median median mm of of xx[[ll……rr].].

SplitSplit xx[[ll……rr]  ]  s.t. all elements <s.t. all elements <xx[[mm] are left of all those >] are left of all those >xx[[mm].].

Splitting

Function Function SplitSplit ( ( xx[] ; [] ; l l , , rr ; ; yy))

IfIf l l ≥≥ rr returnreturn.   // .   // nothing to donothing to do

a a := := ll ;  ;  bb := := r r ;  ;  WhileWhile aa < < bb do do 

WhileWhile aa<<bb and  and  xx[[aa]  ]  << yy do  do  a a := := aa+1   +1   EndwhileEndwhile; ; 

WhileWhile aa<<bb and  and  xx[[bb] ] ≥≥ yy do  do  b b := := bb--1   1   EndwhileEndwhile;;

Swap(Swap(xx[[aa],],xx[[bb]);    ]);    EndwhileEndwhile //    //    l l ≤≤ a a = = b b ≤≤ rr

// splits // splits xx[[ll....rr]] intointo
// // xx[[ll....mm]] entries entries <<y  y  andand
// // xx[[mm+1..+1..rr]] those those ≥≥yy.  .  
// Returns // Returns mm..

O(n), n:=rr−−ll+1+1
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2. Searching
Specification: Fix set X

Input: Nℕ and finite sequence x1,…xNX
as well as input: x' < x'' X.

Output: #{ { mm :  :  x'x' < < xxmm ≤≤ xx'''' }} ℕ

Primitives:  Access ℕn→x[n]X
ordered comparison

in arrayin array xx[1[1……NN]]

withwith xx1 1 ≤≤……≤≤ xxNN

Range2Range2 ( ( xx[] ; [] ; x'x' , , x''x'' ))

l l := := BinSearchBinSearch( ( xx[] ; [] ; x'x'))
r r := := BinSearchBinSearch( ( xx[] ; [] ; xx''''))

IfIf rr--ll ≤≤ 0   0   thenthen Return 0Return 0
elseelse Return Return rr--ll;;

runtime runtime 
OO((loglog NN))

Range1 ( x[] ; x' , x'' )
t:=0; For m:=1 to N do

If x' < x[m] ≤ x''
then t := t+1;

runtime runtime OO((NN))

with total order ≤.

RecallRecall
rr==BinSearchBinSearch( ( xx[], [], yy):):
smallest  smallest  r r ≤≤ NN+1+1

suchsuch thatthat y y << xxrr
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Tree

2. Searching
Specification: Fix set X

Input: Nℕ and finite sequence x1,…xNX
as well as input: x' < x'' X.

Output: #{ { mm :  :  x'x' < < xxmm ≤≤ xx'''' } } =: =: KK

66, , 88, , 
##{{6,8}6,8}

11, , 88,,
##{{1,6,8}1,6,8}

2626, , 6161, , 
#{26,35,#{26,35,
41,42,4341,42,43
,59,61},59,61}1212, , 1717, , 

##{{12,14,17}12,14,17}

1, 171, 17, , 
##{{1,6,8,1,6,8,

12,14,17}12,14,17}

Depth/Depth/

7=7=xx' xx''''=41=41

withwith xx1 1 ≤≤……≤≤ xxNNDefer issues of Defer issues of 

preprocessing!preprocessing!

4343, , 6161, , 
#{43,59,61}#{43,59,61}

Example:

with total order ≤.

MemoryMemory::
OO((NN))

runtime runtime 
OO((loglog NN))
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runtime runtime 
OO((loglog NN))

MemoryMemory::
OO((NN))

Input: NN and finite sequence x1,…xNX
as well as  x' < x'' X.

Output: #{ { mm :  :  xx' < < xxmm ≤≤ xx''' }}

Input: Nℕ and finite sequence (x1,y1),…(xN,yN)  XY
as well as input: (x',y') < (x'',y'').

2D 2D Range Range CountingCounting2. Searching
Specification: Fix sets X,Y

runtime runtime 
OO((loglog²² NN))

xx--treetree

x=1,6,8,
12,14,17

x=1,6,8

x=6,8

x=12,14,17

x=12,14

y y 
sorted sorted 
arraysarrays

memorymemory
OO((NN··loglog NN))

yy

yy''

Output: #{ { mm :  :  ((xx'',,yy')) < (< (xxmm,,yymm)) ≤≤ ((xx'''',,yy'''')) }}
componentwisecomponentwise

ℕ

y = …
… …

y = … y = …

y = …y = …

xx' xx''''

with total orders ≤.

runtime runtime 
OO((loglog²² NN))

memorymemory
OO((NN··loglog NN))



Martin 
Ziegler

runtime runtime 
OO((loglog²² NN))
runtime runtime 
OO((loglog²² NN))

memorymemory
OO((NN··loglog NN))

memorymemory
OO((NN··loglog NN))

runtime runtime 
OO((loglog³³ NN))

Output: #{ { mm :  :  ((xx'',,yy')) < (< (xxmm,,yymm)) ≤≤ ((xx'''',,yy'''')) }}

Input: Nℕ and finite sequence (x1,y1),…(xN,yN)  XY
as well as input: (x',y') < (x'',y'').

Input: Nℕ and finite sequence (x1,y1,z1),…(xN,yN,zN)  XYZ
as well as input: (x,y,z) < (x',y',z').

3D3D Range Range CountingCounting
Nested

Trees

2. Searching
Specification: Fix sets X,Y,Z with total orders ≤.

xx--treetree

x=1,6,8,
12,14,17

x=1,6,8

x=6,8

x=12,14,17

x=12,14

yy--treetreess

memorymemory
OO((NN··loglog²² NN))

yy

yy''

Output: #{ { mm :  :  ((xx,,yy,,zz)) < < ((xxmm,y,ymm,,zzmm)) ≤≤ ((xx'',y,y'',,zz'') }) }

componentwisecomponentwise

ℕ

y = …
… …

y = … y = …

y = …y = …

xx' xx''''xx''''
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MemoryMemory::
OO((NN))

1D Range ReportingReporting2. Searching
Specification: Fix set X with total order ≤.

Input: Nℕ and finite sequence x1,…xNX
as well as input: x' < x'' X.

Output: ##{ { mm :  :  xx'' < < xxmm ≤≤ xx'''' }} notnot a number, but a a number, but a setset

cardinalitycardinality =:  =:  KK {0{0……NN}}

xx' xx''''

runtime runtime 
OO((KK++loglog NN))

#

memorymemory
OO((NN··loglog NN))

{{6,8}6,8}

{{1,6,8}1,6,8}

{26,35,4{26,35,4
1,42,43,1,42,43,
59,61}59,61}

{{12,14,17}12,14,17}

{{1,6,8,1,6,8,
12,14,17}12,14,17}

{43,59,61}{43,59,61}

66, , 88, , 
##{{6,8}6,8}

11, , 88,,
##{{1,6,8}1,6,8}

2626, , 6161, , 
#{26,35,#{26,35,
41,42,4341,42,43
,59,61},59,61}1212, , 1717, , 

##{{12,14,17}12,14,17}

1, 171, 17, , 
##{{1,6,8,1,6,8,

12,14,17}12,14,17}
4343, , 6161, , 

#{43,59,61}#{43,59,61}
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Recap
2. Searching

– Linear Search

– Neighbor Search

– Binary Search

– Uniqueness

– Hashing

– Order Statistics/
Median

– 1D Range Counting/Reporting

– 2D Range Counting/Reporting

• Specification

• Primitives: 
semantics and cost

• Design

• Analysis

• (Optimality)

„Introduction to Algorithms“

in linear time!in linear time!


