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ofirst scientific calculations on digital computers
*What are its fundamental limitations?

' A + OO
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*Undecidable Halting Problem H: No algoritﬁm B
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Given (A,x), does algorithm A terminate on input x?

e

Proof by contradiction: Consider algorithm B' that,
on 1nput 4, executes B on (4,4) and, upon a positive
answer, loops infinitely. How does B' behave on B'?
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Homework: weekly assignments, individually, hand-written; random grading

Pledge for integrity and academic honesty to be signed and submitted!
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= Computability,
semi-/decidability,
enumerability

= Examples of undecidable problems
= Reduction: comparing problems

= Busy Beaver/Rado function

= Ackermann function

= LOOP programs



Un-/Semi-/Decidability I KAIST
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Definition: a) An 'algorithm' AA computes a
partial function f:c N — N if it

e on inputs xedom(f) prints f(x) and terminates,
e on inputs x¢dom(f) does not terminate.

Injective pairing function ("Hilbert Hotel")
) =x+ (xty) (xty+1)/2

b) A decides set LN if it computes its total
char. function: cf,(x):=1 for xeL, cf;(x):=0 for x&L.

c) A semi-decides L if terminates precisely on xelL

d) A enumerates L if it computes
some total injective £:N-N with L=range(f).




Un-/Semi-/Decidability 11 KAIST
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Example: The Halting problem H, considered as
subset of N, is semi-decidable, not decidable.

Theorem: a) Every finite L is decidable.

b) L is decidable iff its complement L is.

c) L is decidable iff both L, L are semi-decidable.
d) L is enumerable iff infinite and semi-decidable

b) A decides set LN if it computes its total
char. function: cf,(x):=1 for xeL, cf;(x):=0 for x&L.

c) A semi-decides L if terminates precisely on xelL

d) A enumerates L if it computes
some total injective £:N-N with L=range(f).



Proof: ,,enumerability = semi-decidability" KAIST
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Theorem:
d) L is enumerable iff infinite and semi-decidable

A\ n

=": Infinite ¥. Given x,
compute and test “/0)=x?", “A1)=x?", “A2)=x?" ...
<" Let A semi-decide L. Fix wel.

On input {(x,m) let B simulate and see not
whether A accepts x within m steps. injective!

If so let B output x, otherwise output w.

Def: d) A enumerates L if it computes
some total injective £ .N-N with L=range(f).

c) A semi-decides L if terminates precisely on xeL




Comparing Decision Problems Cs!g;\!?

Halting problem H= {{Ax): A(x) terminates }
Nontriviality N= { (A): 3y A(y) terminates }

Totality problem 7= { {A) : Vz A(z) terminates}

unde-
N *HSN igable

’H< T unde-
N

7

cidable

e HLT. = T<H

For L,L'c N write LLL’' if there is a computable
fiN—> N such that Vx: xelL < fix)el’
a) L' semi-/decidable = so L. b) LSL<L" = L<L"




Comparing Decision Problems Cs!g;\!?

Halting problem H= {{Ax): A(x) terminates }
Nontriviality N= { (A): 3y A(y) terminates }

Totality problem 7= { {4) : Vz “A(z) terminates}
unde-

Proof H< T: Given (Ayx), e HKN .
_ _ cidable
convert to B which on input m de-
- e H T UYNCOE
simulates A(x) for m steps cidable

and terminates if A(x) does e N HL H

not terminate within m steps, .
otherwise deliberately FREEZEs. *H ST, =>T<H

For L,L'c N write LLL’' if there is a computable
fiN—> N such that Vx: xelL < fix)el’
a) L' semi-/decidable = so L. b) LSL<L" = L<L"




Approximating the Halting Problem KAIS

CS422 M. Ziegler

Algorithm to answer "(A)eH ?" always and

1) Correct finitely often — Trivially possible!
i) Correct infinitely often — Trivially possible!
iii) Incorrect only finitely often — Impossible!
iIV) Never incorrect — Impossible!

Not every integer encodes an algorithm:
[AA— (A) e N is not surjective.] |H:={(A): A

But:/range({)) = N is decidable! terminates on

input0} =H
"Missing" syntactically incorrect source codes... Undecidable!




Busy Beaver (aka Rado Function) KAIS]

CS422 M. Ziegler

For algorithm A let #(A)) := #steps A makes
(on input 0) before terminating, :=oo if doesn't.

B(n) =max{ t(m) : m<n, (m)<co } = Busy Beaver

Theorem: Every computable N—N satisfies
fim) <P(m) for some (infinitely many) meN.

Proof: The following algorithm answers "(AYeH ?"
whenever (A > B(A)) :

| H={(A:A
Compute N:=f((A)). Simulate terminates on
A (on input 0) for N steps. input 0} = H

If not yet terminated, answer no.



Ackermann's Function KAIS

CS422 M. Ziegler

A(0,n) = nt2 A(€+1,0)=A4(¢,1)
A(t+1,n+1) = A(C,A(¢+1,n))

* A(1,n) =2n+3
* A(2,n) = expon.

GRUNDZUGE
DER THEORETISCH

* A(39n) = tetration LOGIK

ILBERT + uwe W. ACKERMAN

e A(4,n) ="
computable!

Diagonal Ackermann: n—A(n,n) &



LOOP Programs KAIS

Syntax in Backus—Naur Form: |
P:=(x;:=0|x;:=x;|x,++ | P;P|FREEZE |
LOOP x; DO P END )

Semantics:

" X,,...x;, contain input eN*
= L OOP executed x; times
" Body must not change x;

Example: simulate
"x; :==max(0, x~1)" :

xj:=0 ; X,.:=0 ;

LOOP x; DO

X, =X, X+
Example: simulate A

"IF x#0 THEN PELSE Q" =D
x;=0; LOOP x, DO|x, := 1|END ; x, = 1;
LOOP x, DO P; x,:= 0 END ; LOOP x, DO Q END




Capabilities of LOOP Programs KAIST
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Examples: simulate addition "x; :=x,+x,"
LOOP x, DO x,++ END

Example: simulate
"x; :==max(0, x~1)" :

x;:=0; x,:=0 ;
LOOP x; DO

X=Xy 5 X = xt]

END

Simulate multiplication "x, \=xxx."

x; = 0; LOOP x; DO [x;:=x,+x;] END




Power of LOOP Programs KAIS]
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Def: Recall bijective N?3 (x,) - (x,y) eN

and write (x,y,z):= {{x,0).2), (eyzw)y:=(xy,z),w) etc.
Lemma: a) There exists a LOOP program that,
given x,yeN, returns (x,y)eN.

b) There exists a LOOP program that,
given (x,y)eN, returns x; another one returns yeN.

c) There exists a LOOP program that, given
integers n<N and (x,,x,,...,x,, ...,Xy), returns x,.

d) There exists a LOOP program that, given n=N
and y and (X,,X,, ...,X,...,Xy), Feturns (x;,x,, ...,J, ...,xXy)-
Array of integers with indirect addressing




Limitations of LOOP Programs KAIS
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Theorem: ¢ To every LOOP program P=P(x,,...x,)
there exists some ¢(=¢(P)eN s.t. P on input xeN*

makes < A((,|x|+¢) <o steps, where |x|:=max;x;

e A(n,n) is not computable by any LOOP

J ]
Drogram/!

Now recall Ackerman's function: A(0,n)=2+n
A(+1,0) = A1)  A@+1,n+1) = A(CA(C+]1,n))
= A(l,n)=2n+3 A2,n) = 2733

Recall: LOOP can realize addition "x, =x 4"

LOOP can realize multiplication "x, :=xxx."

J



Limitations of LOOP Programs KAIST
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Theorem: ¢ To every LOOP program P=P(x,,...x,)
there exists some ¢(=¢(P)eN s.t. P on input xeN*

makes < A((|x|+€) <o steps, where |x| = max;x,

e A(n,n) is not computable by any LOOP program!

Corollary: The Halting Problem for LOOP Programs
a) is decidable!

b) but not decidable by LOOP programs.

LOOP programs insufficient to formalize algorithms.
Instead: WHILE programs in §2.



§1 Basic Computability Theory KAIST
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= Computability,
semi-/decidability,
enumerability

= Examples of undecidable problems
= Reduction: comparing problems

= Busy Beaver/Rado function

= Ackermann function

= LOOP programs



§1 Quiz: Ackermann Function KAIS]
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A(0,n) = nt2 A(€+1,0)=A4(¢,1)

A(t+1,n+1) = A(¢,A((+1,n))

Prove by induction:

* A(1,n) = 2n+3
« A(2,n) = 2"3=-3
* A(3,n)=7?

* A(4,n)="7?



