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•Logicians Tarski, Alonzo Church (PhD advisor)
•Kurt Gödel (1931): There exist arithmetical
statements which are true but cannot be proven so.

••firstfirst scientificscientific calculationscalculations on digital on digital computerscomputers

••WhatWhat areare itsits fundamental fundamental limitationslimitations??

•• UncountablyUncountably manymany PP

•• butbut countablycountably manymany ''algorithmsalgorithms''

••UndecidableUndecidable Halting Problem H:: NoNo algorithmalgorithm B B 
cancan alwaysalways correctlycorrectly answeranswer thethe followingfollowing questionquestion
GivenGiven A,A,xx,, doesdoes algorithmalgorithm A A terminateterminate on on inputinput xx??

Proof by contradiction:  ConsiderConsider algorithmalgorithm BB' ' thatthat, , 
on on inputinput AA, , executesexecutes BB on on A,AA,A

decisiondecision
problemproblem

Alan M. Turing 19361941

HaltingHalting Problem Problem HH

ProofProof byby contradictioncontradiction::

AA
xx BB ++

AA
AA

B'B'



HowHow doesdoes BB' ' behavebehave on on B'B' ??answeranswer, , loopsloops infinitelyinfinitely..
and, and, uponupon a positivea positive

simulatorsimulator//interpreterinterpreter B B ??

B'B' B'B'
B'B'
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Pedagogical Concept

This course focuses

on Comprehension,

Application, and Analysis

and takes for granted

your ability to amass

(or look up) Knowledge!

Bloom's Taxonomy
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 Computability, 
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 Busy Beaver/Rado function

 Ackermann function

 LOOP programs

§1 Basic Computability Theory
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Un-/Semi-/Decidability I
Definition:Definition: a) An 'a) An 'algorithmalgorithm' ' AA computescomputes a a 
partial partial functionfunction f f ::    ifif itit

•• on on inputsinputs xxdom(dom(ff)) printsprints ff((xx)) and and terminatesterminates,,

•• on on inputsinputs xxdom(dom(ff)  )  doesdoes notnot terminateterminate..

b) b) AA decidesdecides setset LL ifif itit computescomputes itsits total total 
charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xxLL, , cfcfLL((xx):=):=00 forfor xxLL..

c)c)AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xxLL

d)d)AA enumeratesenumerates LL ifif itit computescomputes
somesome total total injectiveinjective ff:: withwith LL=range(=range(ff))..

Injective pairing function ("Hilbert Hotel")
x,y := x + (x+y)·(x+y+1)/2
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Un-/Semi-/Decidability II

Theorem: Theorem: a) a) EveryEvery finite finite LL isis decidabledecidable..

b) b) LL isis decidabledecidable iffiff itsits complementcomplement LL is.is.

c) c) LL isis decidabledecidable iffiff bothboth LL, , LL areare semisemi--decidabledecidable..

d) d) LL isis enumerableenumerable iffiff infinite and infinite and semisemi--decidabledecidable

Example: The Halting problem H, considered as 
subset of , is semi-decidable, not decidable.

b) b) AA decidesdecides setset LL ifif itit computescomputes itsits total total 
charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xxLL, , cfcfLL((xx):=):=00 forfor xxLL..

c)c)AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xxLL

d)d)AA enumeratesenumerates LL ifif itit computescomputes
somesome total total injectiveinjective ff:: withwith LL=range(=range(ff))..
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Proof: „enumerability = semi-decidability“

Theorem: Theorem: 
d) d) LL isis enumerableenumerable iffiff infinite and infinite and semisemi--decidabledecidable

DefDef:: d)d) AA enumeratesenumerates LL ifif itit computescomputes
somesome total total injectiveinjective ff:: withwith LL=range(=range(ff))..

c)c)AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xxLL

““””:  Infinite :  Infinite √√.   Given .   Given xx, , 
compute and test  compute and test  ““ff(0)=(0)=xx??””, , ““ff(1)=(1)=xx??””, , ““ff(2)=(2)=xx??”” ……

““””: : Let Let AA semisemi--decide decide LL. Fix . Fix wwLL. . 

On input On input xx,,mm let let BB simulate and see simulate and see 
whether whether AA accepts accepts xx within within mm steps. steps. 

If so let If so let BB output output xx, otherwise output , otherwise output ww..

not 
injective!
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Comparing Decision Problems

For For L,L'L,L'  writewrite LL≼≼L'L' ifif therethere isis a a computablecomputable
ff: :   such such thatthat xx:  :  xxLL  ff((xx))LL'.'.

a) a) L'L' semisemi--//decidabledecidable  so so LL. . 

HaltingHalting problemproblem H H = { = { AA,,xx : : AA((xx) ) terminatesterminates }}
NontrivialityNontriviality N N = { = { AA : : yy AA((yy) ) terminatesterminates }}
TotalityTotality problemproblem T T = { = { AA : : zz AA((zz) ) terminatesterminates}}

 

L
L'

f

•• HH ≼≼ NN

•• HH ≼≼ TT

•• NN ≼≼ H H ≼≼ HH

unde-
cidable
unde-
cidable

b) b) LL≼≼L'L'≼≼L'' L''  LL≼≼L''L''

L L' • H ≼ T,  T ≼ H
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Comparing Decision Problems

For For L,L'L,L'  writewrite LL≼≼L'L' ifif therethere isis a a computablecomputable
ff: :   such such thatthat xx:  :  xxLL  ff((xx))LL'.'.

a) a) L'L' semisemi--//decidabledecidable  so so LL. . 

HaltingHalting problemproblem H H = { = { AA,,xx : : AA((xx) ) terminatesterminates }}
NontrivialityNontriviality N N = { = { AA : : yy AA((yy) ) terminatesterminates }}
TotalityTotality problemproblem T T = { = { AA : : zz AA((zz) ) terminatesterminates}}

•• HH ≼≼ NN

•• HH ≼≼ TT

•• NN ≼≼ H H ≼≼ HH

unde-
cidable
unde-
cidable

Proof H ≼ T: Given A,x,
convert to B which on input m
simulates A(x) for m steps 
and terminates if A(x) does 
not terminate within m steps,
otherwise deliberately FREEZEs.

b) b) LL≼≼L'L'≼≼L'' L''  LL≼≼L''L''

• H ≼ T,  T ≼ H
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Approximating the Halting Problem

Algorithm to answerAlgorithm to answer "AĤ ?" always  always  andand

i)i) Correct Correct finitelyfinitely oftenoften

ii)ii) Correct Correct ininfinitely oftenfinitely often

iii)iii) InIncorrect only correct only finitelyfinitely oftenoften

iv)iv) Never Never inincorrect correct 

→→ TriviallyTrivially possible!possible!

→→ Impossible!Impossible!

→→ Impossible!Impossible!

Ĥ := { A : A
terminates on 
input 0 }  ≡ H
UUndecidablendecidable!!

→→ TriviallyTrivially possible!possible!

"Missing" syntactically "Missing" syntactically inincorrect source codes...correct source codes...

Not every integer encodes an algorithm: Not every integer encodes an algorithm: 

AA →→ AA   is is notnot surjective.surjective.

But: But: range(range() )  is decidable!is decidable!
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Busy Beaver (aka Rado Function)

For algorithm A let  t(A) := #steps A makes 
(on input 0) before terminating, :=∞ if doesn’t.

β(n) := max{ t(m) : m≤n, t(m)<∞ } Busy BeaverBusy Beaver

Theorem: Every computable f:→ satisfies
f(m) < β(m) for some (infinitely many)  m.

Proof: The following algorithm answers "AĤ ?"  
whenever f(A) ≥ β(A) :

Compute N:=f(A). Simulate 
A (on input 0) for N steps.

If not yet terminated, answer no.

Ĥ := { A : A
terminates on 
input 0 }  ≡ H
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Ackermann‘s Function

AA((ℓℓ+1,0)+1,0)==AA((ℓℓ,1)     ,1)     AA(0,(0,nn) ) = = nn+2+2

AA((ℓℓ+1,+1,nn+1) +1) = = AA((ℓℓ,,AA((ℓℓ+1,+1,nn))))

•• AA(1,(1,nn) ) = 2= 2nn+3+3

•• AA(2,(2,nn) ) = = exponexpon..

•• AA(3,(3,nn) ) = = tetrationtetration

•• AA(4,(4,nn) ) = ?= ?

DiagonalDiagonal Ackermann:  Ackermann:  nn→→AA((nn,,nn))

computable!
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LOOP Programs

Semantics:
 x1,…xk contain input k

 LOOP executed xj times
 Body must not change xj

Example: simulate
"IF xj≠0 THEN P ELSE Q"

xk := 0 ; LOOP xj DO xk := 1 END ; xℓ := 1; 
LOOP xk DO P ; xℓ := 0 END ; LOOP xℓ DO Q END

Example: simulate
"xj :=max(0, xi–1)" :

xj:=0 ; xk:=0 ;  

LOOP xi DO 

xj := xk ;  xk ++   

END

Syntax in Backus—Naur Form:  
P := (  xj := 0 | xj := xk | xk ++ |  P ; P | 

LOOP xj DO P END )
FREEZE |
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Example: simulate
"xj :=max(0, xi–1)" :

xj:=0 ; xk:=0 ;  

LOOP xi DO 

xj := xk ; xk := xk+1  

END

Capabilities of LOOP Programs
Examples: simulate addition "xk :=xk+xj"

LOOP xj DO xk++ END

Simulate multiplication "xk :=xjxi"

xk := 0; LOOP  xi DO   xk := xk + xj END



CS422 M. Ziegler
Power of LOOP Programs
Def: Recall bijective 2 (x,y) → x,y 
and write x,y,z:= x,y,z,   x,y,z,w:=x,y,z,w etc.

Lemma: a) There exists a LOOP program that,
given x,y, returns x,y.

b) There exists a LOOP program that,
given x,y, returns x; another one returns y.

c) There exists a LOOP program that, given
integers n≤N and x1,x2,…,xn,…,xN, returns xn.

d) There exists a LOOP program that, given n≤N
and y and x1,x2,…,xn…,xN, returns x1,x2,…,y,…,xN.
Array of integers with indirect addressing
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Limitations of LOOP Programs

Recall: LOOP can realize addition "xk :=xj+xi"

LOOP can realize multiplication "xk :=xjxi"

Theorem: • To every LOOP program P=P(x1,…xk)
there exists some ℓ=ℓ(P) s.t.  P on input xk

makes  AA((ℓℓ,,||xx|+|+ℓℓ)) < <  steps,  where ||xx| | := := maxmaxjj xxjj

• A(n,n) is not computable by any LOOP program!

Now recall Ackerman‘s function:

A(ℓ+1,0) = A(ℓ,1)     

A(0,n)=2+n

A(ℓ+1,n+1) = A(ℓ,A(ℓ+1,n))

A(1,n) = 2n+3 A(2,n) = 2n+33
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Limitations of LOOP Programs

Theorem: • To every LOOP program P=P(x1,…xk)
there exists some ℓ=ℓ(P) s.t.  P on input xk

makes  AA((ℓℓ,,||xx|+|+ℓℓ)) < <  steps,  where ||xx| | := := maxmaxjj xxjj

• A(n,n) is not computable by any LOOP program!

Corollary: The Halting Problem for LOOP Programs

a) is decidable!

b) but not decidable by LOOP programs.

LOOP programs insufficient to formalize algorithms.

Instead: WHILE programs in §2.
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§1 Basic Computability Theory
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§1 Quiz: Ackermann Function

AA(0,(0,nn) ) = = nn+2+2

AA((ℓℓ+1,+1,nn+1) +1) = = AA((ℓℓ,,AA((ℓℓ+1,+1,nn))))

•• AA(1,(1,nn) ) = 2= 2nn+3+3

•• AA(2,(2,nn) ) = 2= 2nn+3+333

•• AA(3,(3,nn) ) = = ??

•• AA(4,(4,nn) ) = = ??

AA((ℓℓ+1,0)+1,0)==AA((ℓℓ,1)     ,1)     

Prove by induction:Prove by induction:


