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§5 PSPACE and Polynomial Hierarchy

 PSPACE-complete problems
QBF, 3QBF, GRAPH

 Savitch's Theorem:
NSPACE(f)  SPACE(f²)

 SUBlinear Memory Computation,   
graph reachability problems

 Immerman-Szelepcsényi:
NSPACE(f) = coNSPACE(f)

 Oracle Complexity and Polynomial Hierarchy:
syntactically / semantically

 Limitations of Relativizing Proofs:
Baker, Gill & Solovay;  Bennett & Gill
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QBF and PSPACE

SATSAT: : GivenGiven BooleanBoolean termterm ΦΦ((YY11,,……YYnn)),,
doesdoes itit hold hold yy11,,……, , yynn{0,1}{0,1}: : ΦΦ((yy11,,…… yynn)=1)=1 ??

NPNPcc

3QBFQBF: : GivenGiven BooleanBoolean termterm ΦΦ((YY11,,……YYmm)),,
doesdoes itit hold hold yy11 yy2 2 yy3 3 ……: : ΦΦ((yy11,,……yymm)=1)=1 ??

cocoNPNP ??
NPNP ??

PSPACEPSPACE
RecursivelyRecursively evaluateevaluate quantifiersquantifiers::

ss((mm) = ) = ss((mm--1) + 1) + poly(poly(nn))
Theorem: QBF is PSPACE-complete.
Proof: Let A decide LPSPACE in space s:=poly(n). 
Encode configurations of A in s bits u=(u1,…us). 
edge from u to v if v encodes A's uniqueunique config after u.
G=GA,s digraph with u=start config on
input x, w unique accepting config.
A accepts x  PG(u,w,s),
: "path of length ≤2m from u to w"
 v: PG(u,v,s-1)  PG(v,w,s-1)
 v s,t:  (s=u  t=v)  (s=v  t=w) → PG(s,t,s-1)

w

vu

of length ≤2s

Draw
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Two-Player Game on Graphs

PSPACEPSPACEcc
Fix digraph G with start vertex s. Rules:
• Red (start) and blue player alternatingly
• mark current vertex, and follow any outgoing edge
• to a yet unmarked vertex.
• Who cannot move, loses.

Red has a winning strategy if,
however blue reacts,
red can follow such that,
however ……… blue looses.

Decision problem: Given (G,s),
does red have a winning strategy?

33QBFQBF: : GivenGiven BooleanBoolean termterm ΦΦ((XX11,,……XXmm)) in 3CNF,in 3CNF,
doesdoes itit hold hold xx11 xx2 2 xx3 3 ……: : ΦΦ((xx11,,……xxmm)=1)=1 ??
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Two-Player Game on Graphs
33QBFQBF: : GivenGiven BooleanBoolean termterm ΦΦ((XX11,,……XXmm)) in 3CNF,in 3CNF,
doesdoes itit hold hold xx11 xx2 2 xx3 3 ……: : ΦΦ((xx11,,……xxmm)=1)=1 ?? PSPACEPSPACEcc

Theorem: The following
is PSPACE-complete:

Proof (reduction from 3QBF):
LetLet ΦΦ = = CC11  CC22  ……  CCkk

n n

7

Decision problem: Given (G,s),
does red have a winning strategy?

See illustration for
 = (x1  x2  x3) 
 (x2  x3  x7) 
 …  Ck
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Walter Savitch's Theorem

SATSAT: : GivenGiven BooleanBoolean termterm ΦΦ((YY11,,……YYnn)),,
doesdoes itit hold hold yy11,,……, , yynn{0,1}{0,1}: : ΦΦ((yy11,,…… yynn)=1)=1 ??

v

Proof: Let nondetnondet.. A accept L in space s:=s(n)
Encode configurations of A in s bits u=(u1,…us). 
edge from u to v if v encodes A's possiblepossible config after u.
G=GA,s digraph with u=start config on
input x, w unique accepting config.
A accepts x  PG(u,w,s),
: "path of length ≤2m from u to w"
 vv: : PPGG((uu,,vv,,ss--1) 1)  PPGG((vv,,ww,,ss--1)1)

Recursive algorithm of depth s stores v in s bits: O(s²)

Theorem: For „every“ s:→, NSPACENSPACE((ss))SPACESPACE((ss²²))..

u
w

of of lengthlength ≤≤22ss

Draw

Def: For nondecreasing f:→,  let TIME(f) := 
{ L decidable by a WHILE+ program in time O(f(n)) }

Same NTIME(f), SPACE(f), NSPACE(f): nondet. WHILE+
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Recall: Cases for P vs. NP

NPNP coNPcoNP

P =P =
coPcoP

NP =NP =
coNPcoNP

P =P =
coPcoP

NPc
NPc coNPc

coNPc

PP

NPNP coNPcoNP

NPNP
coNPcoNP

PPSPACESPACE==
NPNPSPACESPACE
PPSPACE==
NPNPSPAC??

Recall: For nondecreasing f:→,  let TIME(f) := 
{ L decidable by a WHILE+ program in time O(f(n)) }

Same NNTIME(f), SPACE(f), NNSPACE(f): nonnondet. WHILE+
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Recall: For nondecreasing f:→,  let TIME(f) := 
{ L decidable by a WHILE+ program in time O(f(n)) }

Same NNTIME(f), SPACE(f), NNSPACE(f): nonnondet. WHILE+

SUBlinear Memory Computation

P := ( xj := 0 | xj := 1 | xxjj := := xxii ±± xxkk | P ; P | xxjj := := xxii  22 ||
xj:=TEST(TEST(xxkk)) |  WHILE xi DO P END  ) xxjj := := guessguess ||

Input not charged for memory, accessed bit-wise:

"TEST(xk)"  returns xk-th bit of input.

Example: input ( b0 b1 ... bn-1 )2 , output ##11 ≤≤ nn

Counter for ##11 uses OO(log (log nn)) bits:

Example:Example: input  GG=(=(VV,,EE), ), ss,,ttVV , 
output 1 if directed path from ss to tt in G, 00 else.

COUNTCOUNT11  FFL L 
==FFLOGSPACELOGSPACE

dirREACHdirREACH  NNLL

FL: output y=f(x) bit-wise, 
closed under composition!
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Un/directed Un/reachability

Example:Example: input  GG=(=(VV,,EE), ), ss,,ttVV , 
output 1 if directeddirected path from ss to tt in G, 00 else.

GGöödel del PrizePrize'95'95
(with R(with Róóbert bert 

SzelepcsSzelepcséényi)nyi)

Grace Hopper Grace Hopper 
AwardAward'05,'05,

GGöödeldel PrizePrize'09'09
(w/(w/Avi Wigderson Avi Wigderson 
and Salil Vadhanand Salil Vadhan

dirdirUNUNREACHREACH  NNLL

dirREACHdirREACH  NNLL

unundirREACHdirREACH  LL

dirREACHdirREACH  LL²²
(Savitch)(Savitch)
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Immerman-Szelepcsényi

Theorem: For „every“ s≥log,
NSPACENSPACE((ss))==coNcoNSPACESPACE((ss))

mm=2=2OO((ss)):: unreachability u↛v

ProofProof: Recall digraph : Recall digraph G=GA,s u=initial, v=accepting config.

G(m) := { config w has dist ≤m from u },

a) For each m, G(m)NSPACE(O(s)). 
b) If m→N(m) is computable in NSPACE(O(s)), 

then G\G(m)  NSPACE(O(s))
c) m→N(m)≤2O(s) is computable in NSPACE(O(s))!

N(m) := 
#G(m)

“guess and 
verify f(x)"

dirdirUNUNREACHREACH  NNLL
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Immerman-Szelepcsényi (II)

ProofProof: Recall digraph : Recall digraph G=GA,s u=initial, v=accepting config.

G(m) := { config w has dist ≤m from u },

a) For each m, G(m)NSPACE(O(s)).  
b) If m→N(m) is computable in NSPACE(O(s)), 

then G\G(m)  NSPACE(O(s))
c) m→N(m)≤2O(s) is computable in NSPACE(O(s))!

N(m) := 
#G(m)

b) b) On input On input wwGG and and mm,,
ccompute ompute MM:=:=NN((mm)) == ##config.sconfig.s reachable reachable in in mm steps.steps.
Initialize counter Initialize counter CC:=0:=0. For each possible . For each possible configconfig ww' ' ≠≠ww::
•• GuessGuess whether whether w'w' is reachableis reachable within within mm steps or not:steps or not:
If If yesyes, increment , increment CC & & guess path guess path uu to to ww'' of of lengthlength≤≤mm
□□ If no If no such such path gets guessed, abortpath gets guessed, abort

If If CC<<MM, abort; else stop and accept!, abort; else stop and accept!
Why Why 

correctcorrect??
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Immerman-Szelepcsényi (III)

ProofProof: Recall digraph : Recall digraph G=GA,s u=initial, v=accepting config.

G(m) := { config w has dist ≤m from u },

a) For each m, G(m)NSPACE(O(s)). 
b) If m→N(m) is computable in NSPACE(O(s)), 

then G\G(m)  NSPACE(O(s))
c) m→N(m)≤2O(s) is computable in NSPACE(O(s))!

N(m) := 
#G(m)

c) Inductivelyc) Inductively ““guess and verifyguess and verify”” NN((mm+1)+1) from from NN((mm))::

Initialize counter Initialize counter CC'':=0:=0. For each possible . For each possible configconfig ww''::
•• GuessGuess whether whether w'w' is reachableis reachable in in mm+1+1 steps or not.steps or not.
If If yesyes, increment , increment C'C' & & guess path to guess path to ww'' of lengthof length≤≤mm+1+1
□□ If no If no such such path gets guessed, abortpath gets guessed, abort..

If If nono, init. counter , init. counter CC:=0:=0. For each possible . For each possible configconfig ww::
•• GuessGuess whether whether ww is reachableis reachable in in mm steps or not.steps or not.
If If yesyes, but if , but if edge from edge from ww to to ww'': abort: abort

If If CC<<NN((mm)), abort., abort.
Output Output CC'=N'=N((mm+1)+1)..

If If yesyes, increment , increment CC & & guess path to guess path to ww of of lengthlength≤≤mm
□□ If no If no such such path gets guessed, abort.path gets guessed, abort.
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Oracle Complexity Theory

Fix O. An OOWHILE+ program AO

may make queries "xxjjOO??"

Definition:Definition: Fix Fix somesome classclass CC of of subsetssubsets LL..

PPC   C   := { := { LL decideddecided byby polytimepolytime OWHILE+OWHILE+ AAOO, , OOC C } } 

NPNPC   C   := { := { LL accepaccep. . nondet.polynondet.poly. . OWHILE+OWHILE+ AAOO, , OOC C }}

PSPACEPSPACEC  C  = { = { LL decidedecide in in poly.mempoly.mem w/w/oracleoracle OOC C } } 

Examples:

a) MinBF

b) PPPP=PP,   NPNPPP=NPNP, PSPACEPSPACEPSPACEPSPACE=PSPACEPSPACE

c) NP NP  coNPcoNP  PPNPNP;   „≠“ unless NPNP=coNPcoNP

 coNPcoNPSAT = coNPcoNPNPNP PPNPNPNPNP

“Given a Boolean expression φ, is it shortest
among all semantically equivalent ones ψ?”
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Semantic Polynomial Hierarchy

Def: ΔΔ0PP =ΣΣ0PP =ΠΠ0PP := PP

 ΔΔk+1PP := PPΣΣkPP

 ΣΣk+1PP := NPNPΣΣkPP

 ΠΠk+1PP := coNPcoNPΣΣkPP

 PHPH := ΣΣkPP

Lemma: a)  ΔΔkPP=co-ΔΔkPP
b)  ΔΔkPP  ΣΣkPP  ΠΠkPP
c)  ΣΣkPP  ΠΠkPP  ΔΔk+1PP
d)  PHPH  PSPACEPSPACE PP

NPNP coNPcoNP
=ΣΣ1PP =ΠΠ1PP

= NPNPΠΠkPP

= coNPcoNPΠΠkPP

= PPΠΠkPP

PPNPNP

=ΔΔ2PP

NPNPNPNP

=ΣΣ2PP
coNPcoNPNPNP

= ΠΠ2PP

NPNPcoNPcoNP

ΣΣ2PPΠΠ2PP

ΔΔ3PP
:
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""" " ifif k k oddodd, ", "" " elseelse

Abbreviate n := { y : ℓ(y)≤n }

Theorem: a)  L belongs to coNPcoNP iff
L = { x | ypoly(n) : x,yV } for some VPP

b)  L belongs to k+1 iff

L = { x | ypoly(n) : x,yW } for some Wk

c)  L belongs to k+1 iff

L = { x | ypoly(n) : x,yZ } for some Zk or k

d)  L belongs to k iff
L = { x | y1poly(n) y2poly(n) y3…

Qkykpoly(n) : x,y1,y2,…ykA } for some AP

k+1PP = NPNPkPP =NP=NPkPP k+1PP =coNPcoNPΣΣkPP =coNPcoNPkPP

Syntactic Polynomial Hierarchy

ℓ(y)≥poly(n),
n:=ℓ(x)

or k
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Limitations of Relativizing Proofs

Proof  Proof  ““methodsmethods”” for solving   for solving   PP//NP/PSPACENP/PSPACE ??

Theorem (BGS’75 ; BG’81; RST’15):
a) There exists an oracle A s.t. PA=NPA.
b) There exists an oracle B s.t. PB≠NPB.
c) With probability 1, random B has PB≠NPB.
d) With probability 1 w.r.t random oracle B,

the polynomial hierarchy is infinite.

ProofProof a)  a)  A A := := QBFQBF
or any other or any other PSPACEPSPACE--complete problemcomplete problem

xx: : ((xxBB)=)=½½
independently independently 

at randomat random

““RelativizedRelativized SavitchSavitch”” A: NPSPACENPSPACEAA = = PSPACEPSPACEAA

““RelativizedRelativized HierarchyHierarchy”” A: PPAA  NPNPAA  PSPACEPSPACEAA
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Bennett & Gill (1981)
c) With probability 1, c) With probability 1, randomrandom BB has has PPBB≠≠NPNPBB..

LLBB := := {{ xx==44nn || yy<2<2nn:: zz<<nn:: 44nn++yy··n+zn+zBB }}  NPNPBB

Suppose Suppose alorithmalorithm AABB decides decides LLBB in time in time poly(poly(nn))::

On input On input xx=4=4nn can make at most can make at most poly(poly(nn))
many different queries many different queries ““qqjjBB??””,  ,  qqjj = 4= 4nn++yyjj··n+zn+zjj

With prob. With prob. ppxx = = [([(xxLLBBAABB((xx))↑↑)) ((xxLLBBAABB((xx))↓↓))]],,

AABB errserrs on input on input xx=4=4nn..
 AABB decidesdecides LLBB with with 

prob. prob. ≤≤ n n (1(1−−pp44nn) = ) = 00..

NP  {x: y, ℓ(y)≤poly(ℓ(x)),  x,yV },   VP

qq

<< 2<< 2nn−−11, , nn→∞→∞

B[zz<<nn:: 44nn++yy··n+zn+zBB]] = 2= 2−−nn,,

B[yy<2<2nn zz<<nn:: 44nn++yy··n+zn+zBB]]
= 1= 1−− (1(1−−22−−nn))22n  n  

→→ 11−−1/1/e e ≈≈ 0.630.63
44nn

44nn++nn

44nn+2+2nn

44n n + (2+ (2nn−−1)1)··nn
44nn+1+1

>0.1>0.1,,

[[xxLLBBAABB((xx))↓↓] = ] = [[xxLLBB | | AABB((xx))↓↓] ] ·· [[AABB((xx))↓↓]]
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Recap of §5
 PSPACE-complete problems

QBF, 3QBF, GRAPH

 Savitch's Theorem:
NSPACE(f)  SPACE(f²)

 SUBlinear Memory Computation,   
graph reachability problems

 Immerman-Szelepcsényi:
NSPACE(f) = coNSPACE(f)

 Oracle Complexity and Polynomial Hierarchy:
syntactically / semantically

 Limitations of Relativizing Proofs:
Baker, Gill & Solovay;  Bennett & Gill
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Quiz for §5

This section introduced and employed This section introduced and employed 
the the ““ReachabilityReachability MethodMethod””

in three important theorems in three important theorems 
regarding space (=memory) complexity. regarding space (=memory) complexity. 

Please state these three theorems!Please state these three theorems!


