Design & Analysis

§3 Average-Case Analysis of Algorithms

Martin Ziegler

e Motivation: Incrementing a Binary Counter

. Example:[na'fve]%
e Simplex Algorithm pivot choice

e Smoothed Analysis
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Motivation: Binary Increment of Algorithms

Martin Ziegler

Cost(n) := #bit flips of n-bit binary counter
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Depends on value N of the counter

Worst-case: O(n) bits flip
= Max,.,. #bittlips(N)

Conservative estimate, rare case

Average case cost:
2 - Y, #bitflips(N)
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us - Design & Analysis
Example: naive QuickSort of Algorithms

Martin Ziegler

Cost(n) := #comparisons/swap operations

Classical recurrence: j=1 =
T(n) = TG) + T(n—j) + O(n) T(n) = O(n?)
Average-case recurrence: T(n) = O(n-log n)

T(n) = 1/n - 2., (T() + T(n—j) + O(n))

Choose 31 as the pijao@sition=1, quantile=4

j = quantile of v

. N 31 98 13 27 a9l 20
chosen pivot position @
(e'g . mlddle/fl rSt/IaSt Recursively sort subsequence

on each side of pivot

array element) < > <
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Q u I z of Algorithms

Martin Ziegler

a) Why is best-case not a common mode
of algorithm analysis? Explain!

b) Verify that 7(n) = O(n‘log n) indeed
solves the below average-case recurrence.

Average-case recurrence:
T(n) = 1/n - 2, T() + T(n—) + O(n)

c) Does T(n)= O(n) solve the recurrence?
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Convex Geometry of Algorthms

Martin Ziegler

n_affine halfspaces in B, L _parameterized by
AdeRén peR"

intersection
i.e. {ii :Ai<b} componentwise
> n
p
p
a) 2D 3
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SimPIEXAlgOl‘ithm of Algorithms

Martin Ziegler

Input:@afﬁne halfspaces in [Rdwmeterized by
AecR¥n heR™

Output: largest x-value in intersection
i.e. max { @, : A U<h}

¥ : : s l?, v f”;wu hw

Gerge ntZig
(1914~2005) 1946/47

0) Start at some vertex.
1) Move to highest neighbor
2) Repeat (1), while possible.
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Simplex Algorithm of Algorihms

Martin Ziegler
Input: » affine halfspaces in R4, Gil Kalai &
Output: largest x-value in intersection D'Kllg';?a”

Questions: a) Does there alwa
a path of length < p>tlogd
b) Does the /ocal rule (1) find it?

Answer a) famously unknown!
b) No! [Klee&Minty'1973]

b*) still not\ T S
g 23
0) Start at spme vertex. | Yy B
1) Move to (shadow] neighbor | | @//
2) Repeat (1), while possible. | e ] ;
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Smoothed Analysis of Algorithms

Martin Ziegler

Input: » affine halfspaces in R,
Output: largest x-value in intersection, |approximately]

Spielman&Teng
JACM 51 (2004).:

After alrandom

‘Gaussian
perturbation of

W c, the
0) Perturb the halfspaces slightly— |shadow-boundary
pivot rule makes

a number of
1) Move to highest neighbor steps polynomial

2) Repeat (1), while possible. in d, n, and 1/c.

0) Start at some vertex.




Design & Analysis

of Algorithms
Martin Ziegler

Worst-Case vs. Average-Case Analysis
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Smoothed Analysis of Algorithms

Martin Ziegler
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§ 3 Reca p of Algorithms

Martin Ziegler

e Motivation: Incrementing a Binary Counter

. Example:[na'fve]%
e Simplex Algorithm pivot choice

e Smoothed Analysis

“Smoothed analysis is a hybrid of
worst-case and average-case analyses
that inherits advantages from both.”




