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§3 Average-Case Analysis

• Motivation: Incrementing a Binary Counter

• Example: naïve QuickSort

• Simplex Algorithm

• Smoothed Analysis

pivot choice
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Motivation: Binary Increment

Cost(Cost(nn) := ) := ##bitbit flipsflips of of nn--bitbit binarybinary countercounter

000…000
000…001
000…010
000…011
000…100
000…101

……
111…111

DependsDepends on on valuevalue NN of of thethe countercounter

WorstWorst--casecase:: OO((nn) ) bitsbits flipflip

= = maxmaxN<N<22ⁿn ##bitflips(bitflips(NN))

ConservativeConservative estimateestimate, rare , rare casecase

AverageAverage case cost:case cost:

22--nn ··N<N<22ⁿn ##bitflips(bitflips(NN))

= = 11 + + ¼¼ + + …… < < 22
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Example: naïve QuickSort

Cost(Cost(nn) := ) := ##comparisonscomparisons//swapswap operationsoperations

ClassicalClassical recurrence:recurrence:
TT((nn) = ) = TT((jj) + ) + TT((nn−−jj) + ) + OO((nn))

AverageAverage--case recurrence:case recurrence:

TT((nn) = 1/) = 1/nn ·· jj ((TT((jj) + ) + TT((nn−−jj) + ) + OO((nn))))

jj = = quantilequantile of of 

chosen pivot chosen pivot positionposition

(e.g. middle/first/last (e.g. middle/first/last 

array element)array element)

position=1, quantile=4

jj = 1 = 1  
TT((nn) = ) = OO((nn22))

TT((nn) = ) = OO((nn··loglog nn))
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Quiz

AverageAverage--case recurrence:case recurrence:

TT((nn) = 1/) = 1/nn ·· jj TT((jj) + ) + TT((nn−−jj) + ) + OO((nn) ) 

b)b) Verify that  Verify that  TT((nn) = ) = OO((nn··loglog nn) ) indeed indeed 
solves the below averagesolves the below average--case recurrence.case recurrence.

c)c) Does  Does  TT((nn) = ) = OO((nn)  )  solve the recurrence?solve the recurrence?

a)a) Why is Why is bestbest--case case notnot a common mode  a common mode  
of algorithm analysis?  Explain!of algorithm analysis?  Explain!
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parameterizedparameterized byby
āāℝddn, b, bℝn

Convex Geometry
Input: n affine affine halfspacehalfspaces in in ℝdd..

Output: largest x-value in intersectionintersection
i.ei.e.. max {{ ūū1 : : āā··ūū ≤≤ bb }}

parameterizedparameterized byby
ĀĀℝddnn, , ḇḇℝnn

nn affine affine halfspacehalfspacess in in ℝdd..

{{ ūū1 : : ĀĀ··ūū ≤≤ ḇḇ }  }  componentwisecomponentwise
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Affine Optimization
Input: nn affine affine halfspaceshalfspaces in in ℝdd..

Output:Output: largestlargest xx--valuevalue in in intersectionintersection
i.ei.e.. maxmax {{ uu11 : : ĀĀ··ūū ≤≤ ḇḇ }}

parameterizedparameterized byby
ĀĀℝddnn, , ḇḇℝnn

0) Start at some vertex.0) Start at some vertex.

1) Move to 1) Move to highesthighest neighborneighbor

2) Repeat (1), while possible.2) Repeat (1), while possible.

x

George George DantzigDantzig
(1914(1914~2005)~2005) 1946/471946/47

Simplex AlgorithmSimplex Algorithm
Input:Input:

{{ ūū1 : : ĀĀ··ūū ≤≤ ḇḇ }}
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x

Input:Input: nn affine affine halfspaceshalfspaces in in ℝdd..

Output: Output: largestlargest xx--valuevalue in in intersectionintersection

0) Start at some vertex.0) Start at some vertex.

1) Move to 1) Move to highesthighest neighborneighbor

2) Repeat (1), while possible.2) Repeat (1), while possible.

Simplex Algorithm

Questions: a)Questions: a) Does there always Does there always existexist

a path of length a path of length ≤≤poly(poly(nn,,dd)) ??

b)b) Does the Does the locallocal rule (1) rule (1) findfind it?it?

AnswerAnswer a)a) famously unknown!famously unknown!

b) No!  b) No!  [Klee&Minty[Klee&Minty’’1973]1973]

nn2+log 2+log dd

Gil Kalai & 
D.Kleitman

1992

shadowshadow neighborneighbor

bb')') still still no!no!
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Input:Input: nn affine affine halfspaceshalfspaces in in ℝdd..

Output: Output: largestlargest xx--valuevalue in in intersectionintersection

0) Perturb the halfspaces 0) Perturb the halfspaces slightlyslightly

0) Start at some vertex.0) Start at some vertex.

1) Move to 1) Move to highesthighest neighborneighbor

2) Repeat (1), while possible.2) Repeat (1), while possible.

Smoothed Analysis

, approximately, approximately

Spielman&Teng Spielman&Teng 
JACM JACM 5151 (2004):(2004):

After a After a randomrandom
Gaussian Gaussian 
perturbation of perturbation of 
variance variance , the, the
shadowshadow--boundaryboundary
pivot rule makes pivot rule makes 
a number of a number of 
steps steps polynomialpolynomial
in in dd, , nn, and , and 1/1/. . 
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Worst-Case vs. Average-Case Analysis
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Smoothed Analysis
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§3 Recap

• Motivation: Incrementing a Binary Counter

• Example: naïve QuickSort

• Simplex Algorithm

• Smoothed Analysis

pivot choice

“Smoothed analysis is a hybrid of 
worst-case and average-case analyses 
that inherits advantages from both.”


