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84 Amortized Analysis of Algorithms

Martin Ziegler

e Motivation: Bit-Cost of Repeated Increment/Binary Add.
e Amortized vs. Average vs. Worst-Case Analysis
e Fibonacci Heaps:
e Relaxed Binomial Trees
o ExtractMin and DecreaseKey
e Minimum Spanning Tree
e Prim's Algorithm with Binomial vs. Fibonacci Heap
e Kruskal's Algorithm: Union-Find data type
e Disjoint Set Data Structures
e Fast and Slowly Growing Functions
e Analysis of Union-by-Weight
e Lazy Union-by-Rank with Path Compression
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Bit-Cost of Repeated Increment o /oorithms

Martin Ziegler

Cost := #bit flips when counting to N
000000 One increment of value <N: (log N)

000..001 M inc.s cost <X, log N:[@(M'IO}M)]

000..010
000..011 Bit #0 flips M times, overestimate

000..100 . . . . _ .

000.101 bit #1 incurs M/2 flips, bit #2: M/4 flips
...... 2 #flips <2M = O(M):

111..111 amortized 2 flips "per" inc “savings

Potential method of amortized analysis: account
@‘ise D,

Let ¢, := cost of m-th operation, m=1..M,

® =#1s in counter after m-th op.=before (m+1)-st op.

Li<mem €mlM < max,, (€, 1@y ®yq) + (Po=Pp1)/ M <2
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Amortization: Flat-Rate Analysis © #/orihms

Martin Ziealer
FIXED PRIGE SER
NIRLD IfiloL Twa
a1

oil and filter ,
air filter - pollen filter

lean/adjust rear brakes
“savings

SERV '
I T account”

= R

Potential method of amoltized analysis:
Let ¢, := cost of m-th oﬂer tion, m=1..M, @‘ise D,
:= bank balance before m-th operation

2y Cm!M < max cm+(I)m—(I)mQ) + (©—D@pp)/M
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Bit-Cost of Repeated INC & DEC o Aigorithms

Martin Ziegler
Cost := #bit flips

000..000

000..001  pxamples: a) INC, INC, INC, ..., INC
000..010

000..011 b) INC, INC, .., INC, DEC, DEC, ..., DEC

000..100
000 101 €) INC, DEC, INC, DEC, ..., INC, DEC

111..111
Answer: O(log N) in the worst case

Amortized cost(N) := 1/N - total (worst-case) cost of
any N-element sequence of INCs and DECs
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Repeated Addition of Binary Powers of Algorithms

Martin Ziegler
Cost := #bit flips

Lemma: When adding a binary power 2 to a natural
number in binary, [#bit flips + difference in #1g =2.

0100111101011 L .
. )/ )/ ) n

Theorem: Repeatedly ([V times) adding powers of 2
incurs a total of <2N bit flips: has amortized cost 2.

Potential method of arportized analysis:
Let ¢, = cost of m-th op¢ration, m=1..M; devise @

® =#1s in counter afteff m-th op. =before (m+1)-st op
ZlSan cj/n < man ({cj+q)j_(1)j-l} +[((I)0—(I)n+1)yn < 2
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Amortized/Average/Worst Case o #lgorithms

Martin Ziegler

Example: Amortized #bit flips, counting to » in binary

Def: Fix data structure&algorithms for abstract data type:
new initialized, then any N calls to method(s)/operations;

— total worst-case cost C(N) = amortized =C(N)/N

e (Ordinary) worst-case: max,._, c(x) inc & dec ?
e Average case: sum., c(x)/#{ x: |x|<n bessimist]

e Expected case: randomized algorithms (later).

c(x):= cost of one call on arguments/data contents x
Potential method of amortized analysis:
Let ¢, = cost of m-th operation, m=1..M; devise ®

I\\

Conceive @; such that right hand side is ,smal

S yCnlM < max, (¢, +®p—®@p1) + (@o—D@pr1)/M
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Relaxed Binomial Trees of Algorithms

Martin Ziegler

B, A relaxed binomial tree
L g, ~ of order k=1 is a root with
A k children: relaxed binomial
B, 1B,

trees of distinct orders.

from unmarked parent:
add mark to parent

Merge Prune

Prove by strong induction:
#nodes >
1+F,+F,+..+F _+tF. =F_,
> @F

¢=(1+V5)/2>1.6 [Lemma: A relaxed binomial tree
F=0, F\=1, F,, = F,+ F_, |of order k has >F, ,>Q(1.6%) nodes
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Fibonacci Heaps of Algorithms

Martin Ziegler

A relaxed binomial tree
" g, ~oforder k=] isa marked
LAl
o o

By
root with & children: relaxed
1B,
T F—\" 1 T 5
min

binomial distinct orders <k.
Operations with amortized costs:

ExtractMin: O(log n) A Fibonacci Heap is a list of ¢
DecreaseKey: O(1) heap-ordered relaxed binom.
Merge: O(1) trees with pointer to the min.
InsertKey: O(1) Lemma: A relaxed binomial tree

Create: o(1) of n nodes has order £ < O(log n)




Design & Anglysis
ExtractMin: O(log n) Amortized /ooms

A relaxed binomial tree
A R g g, of order k> is a root with
=
mj

rB, k children: relaxed binomial

trees of distinct orders.
& i

k
1B,
TA ;_K—A—A log(n) {.. B32[1]0

1. Delete target of min.pointer |Cmp. adding ¢ binary
2. Merge Fibonacci Heaps. powers: tot.cost O(7)

3. Consolidate list A Fibonacci Heap is a list of ¢
s.t. relaxed binom.trees heap-ordered relaxed binom.
have distinct orders £k  trees with pointer to the min.
Conceive CD =0(1) = OF0<0,, ¢;+ -0, < O(log n)

ZISan cj/n < man (Cj+(I)j_(I) '_1) + ((I)O—(I),,+1)/n
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DecreaseKey: O(1) Amortized o ~orithms

Martin Ziegler

k children: relaxed binomial

trees of distinct orders.
Ny

B, A relaxed binomial tree
" A g, ~ of order izl is a root with
A I, "

—
m min i e cut subtree

e mark parent
e if already marked:

g’% e reset, cut & cascade up
X %% A Fibonacci Heap is a list of ¢

_ heap-ordered relaxed binom.
m = #Marks  trees with pointer to the min.

Conceive @ :=0O(+2m) ®=0<d,, ¢+ P-0;,<001)
2igien Giin - < max; (¢ ®—®@;q) + (Py=®,11)/n
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Cuts, Marks, and Cascading of Algorithms

Martin Ziegler

P p' P" ¥
O _@__®:’ - el 30RO
node
(@ (80) ahild u (16) ) (40)Ho)0

but 1t 1s
root node, so
you can’t cut

cut subtree

e mark parent

(decrease key of x from 42 to 21) o if already maI‘kEd:
e reset, cut
& cascade up
O N—
node
@, &

(50) x |
Voilates

Decrease key x from 50 to 19 min-heap property
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Fibonacci Heap: Summary of Algorithms

Martin Ziegler

B, A relaxed binomial tree
' p, ~oforder k=l is a marked
1B,
1B,

root with & children: relaxed
binomial distinct orders <k.
Iazy consolidation}
m min m ‘T mortized analysis usmg
two "bank accounts”:

Priority Queue datatype, amortized casts:

. \
ExtractMin: O(log n) A Fibonacci Heap is\a list of ¢
DecreaseKey: O(1)

heap-ordered relaxed binom.
Merge: O(1) trees with pointer to\the min.
InsertKey: O(1) one with balance ¢ andV

Create:  O(1) one with balance 2m (#marks)
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Minimum Spanning Tree of Algorithms

Martin Ziegler

Tree: connected (undirect.) graph without cycles

weighted undir. graph (VV,E,w) where Ec)'xV and
wE-R, s.t. (u,v)elk = (vu)eE A w(u,v)=w(v,u)<oo

MST (Minimum Spanning Tree) of (V,Ew):

a (i) connected subset F' of the edges E which

(ii) includes all vertices and

(iii) has least weight
W(F):Z(u,v)eF w(u,v)
among all F'ck Q
satisfying (i)+(ii) ]

— automatically a tree 1 7
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Prim's Algorithm for MST of Algorithms

Martin Ziegler
// w:EcVxV—R, edge weights
F:=1{}; FOREACH ve)V DO
v.dist ;= o0 ; v.neighbor ;= NIL;

QO =V, WHILE not ¢t
u :=[0.ExtractMin;
IF u.neighbor #NIL T

F:=F U { (u.nel
[FOREACH v adjacent to u]DO
IF w(u,v)<v.dist THEN

v.neighbor = u;

: 7 4
g.\:)e.creaseKey(v,w(u,vE, k ;

n=|V| times

m=|E| > n times

Fibonacci Heap:
O(m + n-log n)
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Kruskal's Algorithm for MST o #goritms

__Martin Zieqgler

// w:EcVxV—R, edge weights @'Vl times |
F:={}; FOREACH veV DO |MakeSet(v)] // singletons
FOREACH edge (u,v)eE in order of increasing weight DO
IF u and v do NOT belong to the same subset]
THEN F=Fu {(uyv)} ;
[Union(u,v)];
END;

FindSet(u)#

FindSet(v),
m=|E| times

Disjoint-Set Data Structure:
O(m-o(m)) < o(m-log™(m))

Prim's Algorithm with
Fibonacci Heap: O(m + n‘log n)
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Fast&Slowly Growing Functions of Algorithms

Martin Ziegler

2" exponential logN:=min{n:2">N}
22" doubly exponential loglog N:=min{n:2>>N}

log*(N) = #iterations of log

before argument <l
: — 72 M-
aka tetration 2TTn=221"-b — _~ +log*(log N), N>1

22" tower of height n

Quiz: log(2%%)=? loglog(2'?®)=? log (2°'%)=?
Wilhelm Ackermann (1896—1962) function
Ayn)y=nt2,  A,(0)=4,1), A;,(nt]l)=A4,(A.,(n))

A (m)=2n+3,  A,(n)=2"3-3,  Ayn) =2TT(n+3)-3

Inverse Ackermann o(N)=min{n:A4 (n)>N }
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Disjoint-Set Data Structure of Algorithms
MakeSet(x) FindSet(x) Union(x,y) _ @

return a unique "handle" to the set]

Recall Kruskal MST of G=(V,E,w)
FOREACH (u,v)eE in increasing weight w DO

IF FindSet(u)+#FindSet(V)
THEN 7T=T7Tv {(u,v) } ; Union(u,v) ;

amortized
efficiency?

Naive realization as forest of depth 1:
N times alternate MakeSet+Union — total time Q(N?)

Union-by-weight heuristic: attach smaller to larger tree

Theorem: This yields total time O(m+n‘log n) for any
sequence of n calls Makeset & m calls FindSet/Union
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Analysis of Union-by-Weight of Algorithms

Martin Ziegler

MakeSet(x) FindSet(x) Union(x,))

AA

Observation: A node's link gets updated only when
its set is combined with one of larger or equal size.

So update #k can occur only after n>2% calls MakeSet.

MakeSet, FindSet: (1), Union ?

Theorem: This yields total time O(m+n‘log n) for any
sequence of n calls Makeset & m calls FindSet/Union
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Lazy Union by Rank, Path Compression o aigorithms

Martin Ziegler

Union(x,y) //x,y handles

if y.rank > x.rank O

then attach x to y

else attach y to x; function FindSet(x): if x.parent#NIL
if x.rank == y.rank then x.parent := FindSet (x.parent);
then x.rank++; fi; fi; | return(x.parent);

Natve realization as forest of unbounded depth:

MakeSet, Union: O(1), FindSet ? Path compression
Lazy Union-by-rank: attach lower rank tree to higher

Theorem: This algorithm makes n MakeSet and m
FindSet and Union calls run in total time O(m-o(n)).
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Analysis of Path CompressionI /"

semi-
dynamic

Re-order: First MakeSets, then Unions, then Finds

a) Rank = height cost(P) :=
:= #nodes changing parents

b) Compress. partial path P _length -1 for type (i)

i) top(P) becomes nodes' parent |.- g for type (ii)
i) some ancestor of top(P) becomes parent
Sequence P=(P,,...P,) of P := #PeP of type (i)

partial compress. paths cost(”?P) := add costs of all PeP
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Cost of m Partial Path Compressions of Agorithms

Martin Ziegler

Fix set 7V containing

dsemi'_ all its ancestors.
NaMmic
Y Split every path P into:
Fix a forest e part P,, outside of T
with n=1V] nodes. e part P, inside of T.
Lemma: (Each part possibly @)
a) cost(P) < cost(P;) + cost(P) + | P+ |T”
b) [P, +|P| <[P cost(P) :=
. := #nodes changing parents

Compress. partial path P = length —1  for type (i)
i) top(P) becomes nodes' parent |.= g for type (ii)
i) some ancestor of top(P) becomes parent
Sequence P=(P,,...P,) of P := #PeP of type (i)

partial compress. paths cost(”?P) := add costs of all PeP
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First Cost Estimate of Algorithms

Martin Ziegler

1T1:=n/2 = cost(P) < (|P|+n/2)-log,n |Fix set IV containing
all its ancestors.

Proof by induction + lemma: cost(P)
<cost(P, + cost(P,) + |P,] + |T"

<(|IP |(+ T/)4).1 /é r) I o e part P,, outside of T
= NS in) oS, e part P, inside of T.

+ (|Prltn/4)-log,n/2 (Each part possibly @)
+ |P|+ n/2

< (|P|+n/2)-log,n m

Split every path P into:

Did not take into account union-by-rank!
Lemma:
a) cost(P) < cost(P;) + cost(P) + | P+ |T"

b) | P+ |P.|<|P
) [P+ | | 1 Sequence P=(P,....P,) of
Forest F with n=|V] nodes. partial compress. paths
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Rank Forests Divide/Conquer o #oritms

Martin Ziegler

Def: In a rank forest of rank I/'EN, Fix set TQV containing
each node x has rank(x)<r and all its ancestors.
children of all&only ranks <rank(x).

Split every path P into:
e part P,, outside of T

e part P, inside of T.
(Each part possibly @)

Lemma: Let F a rank forest of rank r.
For s<r consider T := {nodes of rank>s}
a) 7 is a rank forest of rank < r—s—1.
b) Fn7” is a rank forest of rank <s.

c) |T| < |V /25,

rank(x)=s = subtree of x has size >2°.

a) cost(P) < cost(P;) + cost(P) + | P+ |T"

b) |7/ +|Py) < | )
| Sequence P=(P,,..,P,) of
Forest F with n = |V] nodes. partial compress. paths
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Union-by-Rank Analyses o oiims

Martin Ziegler

Let s:=logr, ¢:=logs = |@(n,m,r) = worst-case cost of m
partial compression paths on any
4 S + 4 .
COSt(?Vs) g COSt(?Vr) rank forest of rank r with n nodes.
T (|?V'S|_|?V’,|) +n

Previous: |@(n,m,r) < (m+n/2)-log,n
¢(n,m,r) = cost(P)

<o n tceost(P) + (PP + n < O(mtn-loglog n)
2n +cost(Py) + (|P)-|Py)) +2n < O(m+n-logloglog n)

Al A

kn  +cost(Py,) + (PP +kn < O(mtknlog® n)

o(n,m,r) < O(m+n-o(n)) Fmtogn)

a) cost(P) < cost(P;) + cost(P) + | P+ |T"

b) |P,|+|P,|<|P
) [P+ | | 1 Sequence P=(P,....P,) of
Forest F with n = |V] nodes. partial compress. paths
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§ 4 S umma I‘y of Algorithms

Martin Ziegler

e Motivation Bit-Cost of Repeated Increment/Binary Add.
e Amortized vs. Average vs. Worst-Case Analysis
e Fibonacci Heaps:
e Relaxed Binomial Trees
o ExtractMin and DecreaseKey
e Minimum Spanning Tree
e Prim's Algorithm with Binomial vs. Fibonacci Heap
e Kruskal's Algorithm: Union-Find data type
e Disjoint Set Data Structures
e Fast and Slowly Growing Functions
e Analysis of Union-by-Weight
e Lazy Union-by-Rank with Path Compression



