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§6 Competitive Analysis
of Online Algorithms

• Motivation: Ski Rental

• Break-Even Algorithm

• is 2-competitive; optimality

• Online Paging

• Least-Recently Used is k-competitive

• Least-Frequently Used is not competitive

• LRU is optimal among deterministic online

• Randomization and expected competitiveness

• 1.84-competitive randomized Ski Rental



Design & Analysis 
of Algorithms
Martin Ziegler

deterministic
algorithm /
worst-case 

analysis

Motivation

randomized
algorithm /

expectedexpected-case 
analysis

deterministic
algorithm /

averageaverage-case 
analysis

online 
algorithm /
competitivecompetitive

analysis

BUY ($10) OR
RENT ($1) A SKI

HowHow muchmuch
betterbetter couldcould
omniscientomniscient

offlineoffline
algorithm algorithm 
perform?perform?



Design & Analysis 
of Algorithms
Martin Ziegler

HowHow muchmuch
betterbetter couldcould
omniscientomniscient

offlineoffline
algorithm algorithm 
perform?perform?

Ski Rental Problem
Day by day: weather, decision:
(i) Rent at $1 for another day

or (ii) buy once for $D>1

Offline algorithm "knows":
Season will last for L days.
Rent if L≤D,  buy if L≥D.

OOffffline costline cost==min(min(LL,,DD).).

CompetitiveCompetitive ratioratio = online cost / offline cost= online cost / offline cost

Fix any online algorithm A. 

Run on season L→∞.
A eventually buys,  

X:=#days rented.

Let season last X+1 days; rerun.

OOffffline cost line cost min(min(XX+1,+1,DD))
OOnnline cost line cost XX++DD

adversary
argument

Breakeven algorithm:
Rent D-1 days, then buy.

OOnnline costline cost: : LL ifif LL<<D,D,
22DD−−1 1 ifif LL≥≥DD..

==
==
== ≥≥ 22−−1/1/DD

deterministic

LL / / min(min(LL,,DD)  )  :   :   LL<<DD
22DD--1 / min(1 / min(LL,,DD)  :   )  :   LL≥≥DD

≤≤ (2(2−−1/1/DD) ) either caseeither case
BreakevenBreakeven is is 

(2(2−−1/1/DD))--competitivecompetitive!!
optimaloptimal????
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Ski Rental Math Quiz
LL / / min(min(LL,,DD)  )  :   :   LL<<DD

22DD--1 / min(1 / min(LL,,DD)  :   )  :   LL≥≥DD

Offline cost min(min(XX+1,+1,DD))
Online cost XX++DD

≥≥ 22−−1/1/DD

for every for every XXℕℕ

≤≤ (2(2−−1/1/DD) ) either caseeither casea) Prove:

b) Prove:

c) Is XX++DD
min(min(XX+1,+1,DD)) ≥≥ 22 for every for every XXℕℕ ??
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Online Paging

Input revealed gradually; online algorithm 
must makes decisions with partial knowledge.
Analyze online algorithm's output in comparison 
to optimal offline algorithm: competitive ratiocompetitive ratio.

k pages of fast memory, caching K ≫ k slow pages. 

For any sequence a = a1,…,aN  {1,…K} of accesses,
minimize the number of cache misses/load/evictions. 

••LRULRU

••LFULFU

••FIFOFIFO

••MINMIN
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k pages of fast memory, caching K ≫ k slow pages. 

For any sequence a = a1,…,aN  {1,…K} of accesses,
minimize the number of cache misses/load/evictions. 

Theorem: Theorem: LRU has LRU has competitivecompetitive ratioratio kk = = #pages#pages

Analyze online algorithm output in comparison 
to the offline optimum: competitive ratiocompetitive ratio.

Online Paging: LRU

a1 aN

WheneverWhenever a a newnew pagepage isis accessedaccessed,,
evictevict thethe oneone LLeast east RRecentlyecently UUsedsed..

Divide 1,…N into rounds 1<t0<t1<…<tM=N  s.t. LRU incurs
precisely k faults in (tm-1…tm]  and [1...k] faults in [1...t1].

In each round, ≥k+1 pages get accessed; 

hence A incurs at 
least 1 page fault!

faultfault

Proof: Compare LRU to optimal offline algorithm A,
started with same initial cache contents. 
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Analyze online algorithm output in comparison 
to the offline optimum: competitive ratiocompetitive ratio.

Online Paging: LFFU
Theorem: Theorem: LFU has no (finite) LFU has no (finite) competitivecompetitive ratioratio!!

2,3,…k,  2,3,…k,  2,3,…k,  ………,  2,3,…k, 

1,  k+1,   1,  k+1,   1,  k+1,  ………,   1,  k+1 

Proof: Compare LFU to the optimal online algorithm
on the following access sequence for K=k+1:

repeat (m+1)-times

repeat
m-times WheneverWhenever a a newnew pagepage isis accessedaccessed,,

evictevict thethe oneone LLeast east FFrequentlyrequently UUsedsed..

faultfault
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Optimality in Online Paging

Analyze online algorithm output in comparison 
to the offline optimum: competitive ratiocompetitive ratio.

Theorem: Theorem: EveryEvery deterministicdeterministic online online algorithmalgorithm AA
has has competitivecompetitive ratioratio ≥≥kk = = #pages#pages

ProofProof:: LetLet KK>>kk. . SimulateSimulate AA on on initialinitial
accessaccess sequencesequence aa=(1,2,=(1,2,……kk)). . 

PigeonholePigeonhole: : choosechoose aann+1+1{1,{1,……KK}  }  notnot
in in AA's's cachecache afterafter servingserving ((aa11,,aa22,,……,,aann). ). 

PigeonholePigeonhole: : OmnicientOmnicient offlineoffline algorithmalgorithm
BB ((cancan) ) choosechoose to to evictevict a a pagepage notnot toto

bebe accessedaccessed in in thethe nextnext kk−−11 stepssteps..

““adversaryadversary””

AA faultsfaults on on 
everyevery requestrequest!!

p1 p2 p3 pk

……aa11,,aa22,,aa33,,………….,.,aakk,,aakk+1+1,,

BB faultsfaults onlyonly everyevery
kk--thth requestrequest!!
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Randomized Online Algorithm

BreakevenBreakeven is is (2(2−−1/1/DD))--competitive, and best possible:competitive, and best possible:

Fix any algorithm A, run on ∞ season, let X=#days it 
rents before buying. Restart, abort season on day #X+1.

Randomized Ski Rental: Flip a fair coin.
Head: Breakeven (  rent for D days, then buy)
Tail: Rent for ⅔D days, then buy.

Analyze online algorithm output in comparison 
to the offline optimum: competitive ratiocompetitive ratio.

Each morning: (i) Rent at $1 for another day
or (ii) buy once for $D>1

L ≥ D: [cost]  ½·(2D) + ½·(⅔+1)·D = 11/6 ·D
⅔DL<D: [cost]  ½·(L) + ½·(⅔+1)·D  (½+½·(⅔+1)/⅔) ·L

L< ⅔D: [cost]  ½·(L) + ½·(L) = L

""RandomizationRandomization cancan beatbeat anan adversaryadversary!"!"
1.75

1.833

adversary
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§6 Summary

• Motivation: Ski Rental

• Break-Even Algorithm

• is 2-competitive; optimality

• Online Paging

• Least-Recently Used is k-competitive

• Least-Frequently Used is not competitive

• LRU is optimal among deterministic online

• Randomization and expected competitiveness

• 1.84-competitive randomized Ski Rental


