
Design & Analysis 
of Algorithms
Martin Ziegler

§9 Parallel Algorithms

• Classification

• Parallel Prefix

• Graph Reachability

• Carry-Lookahead

• Sorting Networks



Design & Analysis 
of Algorithms
Martin Ziegler

Classification
•• finefine--grained parallelismgrained parallelism

vs. vs. distributeddistributed computingcomputing

•• SISD/MISD/SIMD/MIMDSISD/MISD/SIMD/MIMD

•• PRAMs: CRCW/CREW/EREWPRAMs: CRCW/CREW/EREW

HereHere: : algorithmsalgorithms, , notnot programsprograms ("("abstractionabstraction")")
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Primitives and Cost Measures

SizeSize = = ##binarybinary gates  gates  DepthDepth == ""parallel  parallel  
runtime"runtime"

(seq.opt.)(seq.opt.) TimeTime

OverheadOverhead := Size/Time:= Size/Time
Speedup Speedup := Time/Depth:= Time/Depth

→ Communication Volume, Here: Here: CircuitsCircuits

Alternative Alternative SizeSize
=#cores/#CPUs/#PCs,=#cores/#CPUs/#PCs,

Brent's Principle:
Work, Size  Time

Work := Span · #CPUs

SpanSpan

Lemma:
Any circuit of 
binary gates,
depending on 
N inputs, has

• size  N-1 and

• depth  log(N)
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OverheadOverhead := Size/Time:= Size/TimeOverheadOverhead = Size/Time = Size/Time = = OO(1)(1)

Speedup Speedup := Time/Depth:= Time/Depth

(seq.opt.)(seq.opt.) TimeTime

Parallel N-ary Maximum

maxmax

maxmax

maxmax

maxmax maxmax

maxmax

maxmax maxmax

maxmax

maxmax

maxmax maxmax

maxmax

maxmax maxmax

SizeSize = = OO((NN)) binarybinary op.sop.s DepthDepth = = OO(log (log NN))

(seq.opt.)(seq.opt.) TimeTime = = OO((NN))

Speedup Speedup = Time/Depth = Time/Depth = = OO((NN//log log NN))

xx11 xx22 xx33 xx44 xx55 xx66 xx77 xx88 xx99 xx1010 xx1111 xx1212 xx1313 xx1414 xx1515 xx1616

((xx11,...,,...,xxNN))→→
maxmax11≤≤nn≤≤NN xxnn

Primitive op: 
binary maxmax

(X,) totally 
ordered set

(ignore (ignore magnitudemagnitude
of operands...)of operands...)

optimal!optimal!

Brent's Principle:
Brent:  Size  Time
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OverheadOverhead := Size/Time:= Size/TimeOverheadOverhead = Size/Time = Size/Time = = OO(1)(1)

Primitive op: 
binary 

Parallel N-ary associativeassociative 







 



 





 



 

SizeSize = = OO((N N )) binarybinary op.sop.s DepthDepth = = OO(log (log NN))

xx11 xx22 xx33 xx44 xx55 xx66 xx77 xx88 xx99 xx1010 xx1111 xx1212 xx1313 xx1414 xx1515 xx1616

(X,) set with
associative op. 

((xx11,...,,...,xxNN))→→
 1≤n≤N xnSpeedup Speedup := Time/Depth:= Time/Depth

(seq.opt.)(seq.opt.) TimeTime(seq.opt.)(seq.opt.) TimeTime = = OO((NN))

Speedup Speedup = Time/Depth = Time/Depth = = OO((NN//log log NN))
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OverheadOverhead = Size/Time = = Size/Time = OO(1)(1)OverheadOverhead = Size/Time = = Size/Time = OO((NN))

((xx11,...,,...,xxNN))→→
 1≤n≤N xn

Primitive op: 
binary 

((xx11,...,,...,xxNN))→→

((1≤n≤M xn:

M=1...N )

(Generalized) Prefix Sum / Scan







 



 





 



 

SizeSize = = OO((N N )) binarybinary op.sop.s DepthDepth = = OO(log (log NN))

(seq.opt.)(seq.opt.) TimeTime = = OO((NN))

Speedup Speedup = Time/Depth = Time/Depth = = OO((NN//log log NN))

xx11 xx22 xx33 xx44 xx55 xx66 xx77 xx88 xx99 xx1010 xx1111 xx1212 xx1313 xx1414 xx1515 xx1616

(X,) set with
associative op. 

²
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OverheadOverhead = Size/Time = = Size/Time = OO(1)(1)

((xx11,...,,...,xxNN))→→
 1≤n≤N xn

((xx11,...,,...,xxNN))→→

((1≤n≤M xn:

M=1...N )

Parallel Prefix

SizeSize = = OO((N N )) binarybinary op.sop.s DepthDepth = = OO(log (log NN))

(seq.opt.)(seq.opt.) TimeTime = = OO((NN))

Speedup Speedup = Time/Depth = Time/Depth = = OO((NN//log log NN))







 



 





 



 

xx11 xx22 xx33 xx44 xx55 xx66 xx77 xx88 xx99 xx1010 xx1111 xx1212 xx1313 xx1414 xx1515 xx1616

  

++ OO(log (log NN))
== OO(log (log NN))

++ OO((NN)     )     == OO((NN) ) 
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OverheadOverhead = Size/Time = = Size/Time = OO(1)(1)

((xx11,...,,...,xxNN))→→
 1≤n≤N xn

((xx11,...,,...,xxNN))→→

((1≤n≤M xn:

M=1...N )

Parallel Prefix

(seq.opt.)(seq.opt.) TimeTime = = OO((NN))

Speedup Speedup = Time/Depth = Time/Depth = = OO((NN//log log NN))
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Sequential Graph Reachability

Input: K,s,tℕ and  directed graph as NN
0/1 adjacency matrix A, vertices V={1...N}

Output: Is t reachable from s within distance K ?

Dijkstra:Dijkstra: Time = Time = OO((NN²²))OO((EE++KK··log log NN),  ),  E E =#edges =#edges  OO((NN²²))

s

OO((NN²²))
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DepthDepth = = OO(log (log N N ·· log log KK))

Parallel Graph Reachability

Input: K,s,tℕ and  directed graph as NN
0/1 adjacency matrix A, vertices V={1...N}

Output: Is t reachable from s within distance K ?

Dijkstra:Dijkstra: Time = Time = OO((NN²²))

Answer:Answer: (AK)s,t   BoolBool. . matrixmatrix powerpower

NN Boolean matrix productmatrix product

((XX··YY))I,JI,J == L  L  XXI,L I,L ·· YYL,JL,J  I,JI,J=1..=1..NN

Associative Associative 

³³

Matrix Matrix poweringpowering AA →→ AAKK

by repeated squaring by repeated squaring AA22, A, A44, A, A88, ..., ...
OO(log (log KK)  )  repetitionsrepetitions

SizeSize = = OO((NN³³··log log KK))

BooleanBoolean


size OO((N  N  ))

depth OO(1)(1)depth OO(log (log NN))
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Explicit Parallel ReachabilityReachability







 



 





 



 

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14 x15 x16

((XX··YY))I,JI,J == L  L  XXI,L I,L ·· YYL,JL,J  I,JI,J=1..=1..NN


XXII,,11YY11,,JJ



XXII,,NN YYNN,,JJ

             

XXII,,LL YYLL,,JJ

Matrix Matrix poweringpowering AA →→ AAKK

by repeated squaring by repeated squaring AA22, A, A44, A, A88, ..., ...
OO(log (log KK)  )  repetitionsrepetitions

((XX··YY))I,JI,J
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((AA²²··AA²²))1,11,1 ((AA²²··AA²²))I,JI,J ((AA²²··AA²²))NN,,NN

((XX··YY))I,JI,J == L  L  XXI,L I,L ·· YYL,JL,J  I,JI,J=1..=1..NN
Matrix Matrix poweringpowering AA →→ AAKK

by repeated squaring by repeated squaring AA22, A, A44, A, A88, ..., ...
OO(log (log KK)  )  repetitionsrepetitions

((XX··YY))I,JI,J((XX··YY))1,11,1 ((XX··YY))NN,,NN............ ............((AA··AA))1,11,1 ((AA··AA))I,JI,J ((AA··AA))NN,,NN

............ ............

A·A = A²

A²·A² = A⁴

......
......

......
......

......
......

Explicit Parallel ReachabilityReachability
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(seq.opt.)(seq.opt.) TimeTime = = OO((NN))

Sequential Ripple-Carry Adder

Input: two n-bit integers in binary,
A=(A0,...,AN-1)2 and  B=(B0,...,BN-1)2

Output: S:=A+B in binary,  
S=(S0,... ,SN-1,SN)2

Operations: 
binary     

DepthDepth = = OO((NN))
Speedup Speedup = Time/Depth = Time/Depth = = OO(1)(1)
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Carry-Lookahead Adder

SizeSize = = OO((NN)) binary bitbinary bit op.sop.s DepthDepth = = OO(log (log NN))
++ OO(1)  (1)  == OO(log (log NN))++ OO((NN)     )     == OO((NN) ) 
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Carry Predictor

ggMM := := AAMM  BBMM ggenerateenerate new carry to stage #new carry to stage #MM+1+1

ppMM := := AAMM  BBMM ppropagateropagate (possible) previous carry(possible) previous carry

Tentative Goal: Tentative Goal: Calculate Calculate CCNN in short in short parallel parallel time!time!

CCNN =  g=  gNN--11  ggNN--22ppNN--11  ggNN--33ppNN--2 2 ppNN--11  ... ... 

... ...  gg00pp11pp22......ppNN--2 2 ppNN--11

DepthDepth = = OO(log (log NN))SizeSize = = OO((NN²²))

FinalFinal Goal: Goal: Calculate Calculate ((CC11......CCNN)  )  in in parallelparallel!!

33

CCMM+1+1 := := ggMM  ((ppM  M   CCMM))



Design & Analysis 
of Algorithms
Martin Ziegler

FinalFinal Goal: Goal: Calculate Calculate ((CC11......CCNN)  )  in in parallelparallel!!

SizeSize = = OO((NN²²))33

Carry Predictor

SizeSize = = OO((NN)) DepthDepth = = OO(log (log NN))

((xx11,...,,...,xxNN) ) →→ ((1≤n≤M xn  :  M=1...N ),   associative

/Prefix Sum
P

o
w

e
r o

f A
b

stra
ctio

n
!

P
o

w
e
r o

f A
b

stra
ctio

n
!

ggMM := := AAMM  BBMM ggenerateenerate new carry to stage #new carry to stage #MM+1+1

ppMM := := AAMM  BBMM ppropagateropagate (possible) previous carry(possible) previous carry

CCMM+1+1 := := ggMM  ((ppM  M   CCMM)) PPMM+1+1 := := ppMM  PPMM PP00 = 0= 0

CCNN =  g=  gNN--11  ggNN--22ppNN--11  ggNN--33ppNN--2 2 ppNN--11  ... ... 

... ...  gg00pp11pp22......ppNN--2 2 ppNN--11

Lemma: The following operation  on pairs of bits

((CC,,PP) )  ((C'C',,P'P')  :=  )  :=  (( CC((PPC'C') , ) , PPP'P' )  )  

is  (a) idempotent and  (b) associative.
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Parallel Sorting, Revisited

Gate semantics (n>m):

““IfIf xx[[nn]]<<xx[[mm]] thenthen

swapswap xx[[nn] ] ↔↔ xx[[mm]]””primitive/gate:

((XX,,)) totally ordered settotally ordered set

Example: Sort4
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Bubble Sorting Network

BubbleBubble Sorting Network:Sorting Network:

Size Size OO((NN²²),  ),  DepthDepth OO((NN))

SizeSize →→ opt.timeopt.time OO((NN··loglog NN)) ?? DepthDepth →→ OO(log (log NN) ) ??

(Brent's Principle)(Brent's Principle)
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Parallelizing QuickSort ?
DepthDepth →→ OO(log (log NN) ) ??

Recall: Recall: QuickSortQuickSort requires smart "halving" requires smart "halving" !!

BubbleBubble Sorting Network:Sorting Network:

Size Size OO((NN²²),  ),  DepthDepth OO((NN))

SizeSize →→ opt.timeopt.time OO((NN··loglog NN)) ??

QSortQSortNN/2/2 QSortQSortNN/2/2

QSortQSortNN

HalveHalveNN



Design & Analysis 
of Algorithms
Martin Ziegler

parallelize "parallelize "mergingmerging"?"?

Parallelizing Mergesort ?

MSortMSortNN/2/2 MSortMSortNN/2/2

MergeMergeNN

MSortMSortNN

or or cycliccyclic
shiftshift

BMergeBMergeNN BBMergeMergeNN/2/2 BBMergeMergeNN/2/2

BBMergeMergeNN

Example:

Def: Call x[1...N] bitonic if, for some M≤N, 
x[1...M] non-decreasing & x[M+1...N] non-increasing
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or or cycliccyclic
shiftshiftDef: Call x[1...N] bitonic if, for some M≤N, 

x[1...N] non-decreasing & x[M+1...N] non-increasing

SizeMSort(N) = 2·SizeMSort(N/2)+SizeBMerge(N)

SizeBMerge(N) = O(N)+2·SizeBMerge(N/2)

Batcher's Bitonic Sorter
Size = O(N·log²²N) gates
Depth = O(log²²N) par.time

MSortMSortNN/2/2 MSortMSortNN/2/2

MergeMergeNNBMergeBMergeNN BBMergeMergeNN/2/2 BBMergeMergeNN/2/2

BBMergeMergeNN

MSortMSortNN

= = OO((NN··log log NN))

DepthMSort(N) = 1·DepthMSort(N/2)+DepthBMerge(N)

DepthBMerge(N) = O(1)+1·DepthBMerge(N/2) = = OO(log (log NN))

→→ opt.timeopt.time OO((NN··loglog NN)) ??
→→ OO(log (log NN) ) ??
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Def: Call x[1...N] bitonic if, for some M≤N, 
x[1...M] non-decreasing & x[M+1...N] non-increasing

Correctness of Batcher

MSortMSortNN/2/2 MSortMSortNN/2/2

MergeMergeNNBMergeBMergeNN BBMergeMergeNN/2/2 BBMergeMergeNN/2/2

BBMergeMergeNN

MSortMSortNN

or or cycliccyclic
shiftshift



Design & Analysis 
of Algorithms
Martin Ziegler

AKS Sorting Network

Size = O(N·log²²N) gates
Depth = O(log²²N) par.time

Ajtai, KomlAjtai, Komlóós, Szemers, Szemeréédidi (1983):(1983):
Sorting network of  Sorting network of  

Size Size OO((NN··loglog NN) ) 

Depth Depth O(log N)

→→ opt.timeopt.time OO((NN··loglog NN)) ??
→→ OO(log (log NN) ) ??

Batcher's Bitonic Sorting NetworkBatcher's Bitonic Sorting Network
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§9 Summary

• Classification

• Parallel Prefix

• Graph Reachability

• Carry-Lookahead

• Sorting Networks


