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Recap: Experimental Physics

Einstein (1905):  Einstein (1905):  

And so is And so is light!light!

Robert MillikanRobert Millikan
"Oil drop" (1909): "Oil drop" (1909): 
Electrons are Electrons are particles!particles!
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Light is a Light is a wave!wave!
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And so is And so is lightlight!!
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Basic Quantum Mechanics

Thomas Young (1801):  Thomas Young (1801):  
Light is a Light is a wave!wave!

Einstein (1905):  Einstein (1905):  

And so is And so is light!light!

Robert MillikanRobert Millikan
"Oil drop" (1909): "Oil drop" (1909): 
Electrons are Electrons are particles!particles!

Claus JClaus Jöönssonnsson ((1959):  1959):  
And so are And so are electrons!electrons!

Erwin Erwin 
SchrSchröödingerdinger

Werner Werner 
HeisenbergHeisenberg Paul DiracPaul Dirac v. Neumannv. Neumann

•• NOT NOT Path IntegralPath Integral (Richard Feynman) (Richard Feynman) 

•• NOT NOT Quantum Field TheoryQuantum Field Theory

(Dyson, Feynman, Schwinger, Tomonaga) (Dyson, Feynman, Schwinger, Tomonaga) 

•• NOT NOT RelativisticRelativistic Quantum MechanicsQuantum Mechanics

Basic
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Schrödinger Eq.

Math of Quantum Mechanics

v. Neumannv. Neumann

PhysicsPhysics MathMath

I (isolated) 
system S

Hilbert 
Space H

III observable 
A , A'  of S

Hermit. operator 
A, A'  on H

II (pure) 
states 
s,s' of S

normal 
vectors
ψψ,,ψψ''H

IV measurement 
of A

eigenvalue 
a of A

V time evolution 
s(0) → s(t) iiħħ dd//ddt t ψψ((tt)) = = H H ψψ((tt))
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Math of Newton Mechanics
PhysicsPhysics

I (isolated) 
system S

III observable 
A , A'  of S

II (pure) 
states 
s,s' of S

IV measurement 
of A

V time evolution 
s(0) → s(t)

Newton's Law/Eq.
d/dt ūū(t) = …

MathMath

vectors
ūū,,ūū''ℝ6p

value 
a = A(ūū)

projections 
A, A':ℝ6p→ℝ

Euclid. phase 
space ℝ6p



Design & Analysis 
of Algorithms
Martin Ziegler

Math of Newton Mechanics
PhysicsPhysics

I (isolated) 
system S

III observable 
A , A'  of S

II (pure) 
states 
s,s' of S

IV measurement 
of A

V time evolution 
s(0) → s(t)

Newton's Law/Eq.
d/dt ūū(t) = …

MathMath

vectors
ūū,,ūū''ℝ6p

value 
a = A(ūū)

projections 
A, A':ℝ6p→ℝ

Euclid. phase 
space ℝ6p



Design & Analysis 
of Algorithms
Martin Ziegler

Schrödinger Eq.

Math of Quantum Mechanics

v. Neumannv. Neumann

PhysicsPhysics MathMath

I (isolated) 
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s(0) → s(t) iiħħ dd//ddt t ψψ((tt)) = = H H ψψ((tt))
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Axioms of Quantum Mechanics
Ia.Ia. To any (isolated) physical system To any (isolated) physical system SS corresponds corresponds 

a complex Hilbert spacea complex Hilbert space HH called thecalled the state spacestate space. . 

IIa.IIa. A A purepure state state s=ss=s((tt)) of of SS at time at time tt corresponds to corresponds to 

a a unitunit (=norm(=norm11) vector) vector ψψ = = ψψ((tt) ) HH..

Ib.Ib. The state space of a system The state space of a system SS composed from composed from 

(connected) sub(connected) sub--systems systems SSjj is the is the tensor product tensor product HH = = 

jj HHjj of the state spaces associated with components of the state spaces associated with components SSj j 

IIb.IIb. A statistical A statistical ensembleensemble (=mix) of pure states/ (=mix) of pure states/ 
vectors vectors sskk//ψψkk with weights with weights wwkk corresponds to a corresponds to a 

density density (=pos.semid. trace(=pos.semid. trace11) ) operatoroperator  == kk wwkk||ψψkkψψkk||
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Axioms of Quantum Mechanics

IIb.IIb. A statistical A statistical ensembleensemble (=mix) of pure states/ (=mix) of pure states/ 
vectors vectors sskk//ψψkk with weights with weights wwkk corresponds to a corresponds to a 

density density (=pos. semi.trace(=pos. semi.trace11) ) operatoroperator  == kk wwkk||ψψkkψψkk||

Ia.Ia. To any (isolated) physical system To any (isolated) physical system SS corresponds corresponds 

a Hilbert spacea Hilbert space HH called thecalled the state spacestate space. . 

III.III. Any physical observable Any physical observable AA on on SS corresponds to corresponds to 

a Hermitian operator a Hermitian operator AA onon HH.  .  

IVa. IVa. When When SS is in is in purepure state state ψψ, measuring , measuring AA produces produces 

eigenvalueeigenvalue a of A with probability ||ψψaa||ψψ||²² , , 

where where ψψaa is any unit eigenvector of is any unit eigenvector of AA to eigenvalue to eigenvalue a..

A measurement of A measurement of AA produces produces somesome eigenvalue of eigenvalue of AA..

IIa.IIa. A A purepure state state s=ss=s((tt)) of of SS at time at time tt corresponds to corresponds to 

a a unitunit (=norm(=norm11) vector) vector ψψ = = ψψ((tt) ) HH..—— provided that provided that aa is discrete and is discrete and nonnon--degenerate:degenerate:
more involved formula when more involved formula when aa degenerate/continuousdegenerate/continuous……

IVa'.IVa'. After this measurement, After this measurement, SS will be in state will be in state ψψ'='=ψψaa

IVb IVb When When SS is in is in mixedmixed state with density state with density ρρ, measuring , measuring 

AA produces eigenvalueproduces eigenvalue a with probability ψψaa| | ρρ ψψaa..

IVb'.IVb'. After this measurement, After this measurement, 
SS will be in a state with density will be in a state with density ρρ'' = |= |ψψaaψψaa| | ρρ ψψaaψψaa||

Density Density (=pos.semid. trace(=pos.semid. trace11) ) operatoroperator  == kk wwkk||ψψkkψψkk||
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IIa.IIa. A A purepure state state s=ss=s((tt)) of of SS at time at time tt corresponds corresponds 

to a to a unitunit (=norm(=norm11) vector) vector ψψ = = ψψ((tt) ) HH..

Axioms of Quantum Mechanics
Ia.Ia. To any (isolated) physical system To any (isolated) physical system SS corresponds corresponds 

a Hilbert spacea Hilbert space HH called thecalled the state spacestate space. . 

III.III. A physical observable A physical observable AA on on SS corresponds to corresponds to 

a Hermitian operator a Hermitian operator AA onon HH.  .  

V.V. The time evolution of a The time evolution of a purepure state state ψψ(0) (0) →→ ψψ((tt) ) HH
is described by Schris described by Schröödingerdinger's Equ.n:'s Equ.n:

HH Hamilton operator from observable "Hamilton operator from observable "energyenergy" (" (IIIIII))

IVa. IVa. When When SS is in is in purepure state state ψψ, measuring , measuring AA produces produces 

eigenvalueeigenvalue a of A with probability ||ψψaa||ψψ||²² , , 

where where ψψaa is any unit eigenvector of is any unit eigenvector of AA to eigenvalue to eigenvalue a..

IVa'.IVa'. After this measurement, After this measurement, SS will be in state will be in state ψψ'='=ψψaa

iħħ d/dt ψ(t) = H ψ(t)is  is  ψψ((tt)= )= UU((tt) ) ψψ(0),   (0),   UU((tt)= e)= e--iiHH((tt)d)dt/t/ħħ unitaryunitary
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Illustration/Justification
Example Example Polarized lightPolarized light:: HH ==ℂℂ²² (qubit) (qubit) 

Ia.Ia. To any (isolated) physical system To any (isolated) physical system SS corresponds corresponds 

a complex Hilbert spacea complex Hilbert space HH called thecalled the state spacestate space. . 

why?why?
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Pure vs. Mixed States
Example Example Polarized lightPolarized light:: HH ==ℂℂ²² (qubit)(qubit)

orthoortho--basis basis (0,1) =:(0,1) =: ||00 and  and  (1,0) =: (1,0) =: ||11

IIa.IIa. A A purepure state corresponds to a state corresponds to a unitunit vectorvector ψψHH..

IIb.IIb. A statistical A statistical ensembleensemble (=mix) of pure states/ (=mix) of pure states/ 
vectors vectors sskk//ψψkk with weights with weights wwkk corresponds to a corresponds to a 

density density (=pos.semid. trace(=pos.semid. trace11) ) operatoroperator  == kk wwkk||ψψkkψψkk||

(|0+|1)/√2(|0 + i |1)/√2(|0 − i |1)/√2
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Qubit Register
a)a) Polarized light: Polarized light: HH ==ℂℂ²² (qubit), (qubit), 

orthoortho--basis basis (0,1) =:(0,1) =: ||00 and  and  (1,0) =: (1,0) =: ||11

Ib.Ib. The state space of a system The state space of a system SS composed from composed from 

(connected) sub(connected) sub--systems systems SSjj is the is the tensortensor product product HH = = 

jj HHjj of the state spaces associated with components of the state spaces associated with components SSj j 

c)c) nn ℂℂ²² ((n n qubitqubitss) has complex dimension ) has complex dimension 22nn

with orthowith ortho--basis  basis  ||00......00 ...... ||11......11

b) Particle spin:b) Particle spin:

not Cartesian
product jj HHjj

entanglemententanglement
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Entanglement & EPR
d)d) Two particles: Two particles: HH ==ℂℂ⁴⁴ (double qubit) (double qubit) 

orthoortho--basis  basis  ||++++ ,, ||++-- ,, ||--++ ,, ||----

IVa. IVa. When When SS is in is in purepure state state ψψ, measuring , measuring AA produces produces 

eigenvalue eigenvalue aa of of AA with with probabilityprobability ||ψψaa||ψψ||²² , , 

where where ψψaa is any unit eigenvector of is any unit eigenvector of AA to eigenvalue to eigenvalue aa..

IVa'.IVa'. After this measurement, After this measurement, SS will be in state will be in state ψψ'='=ψψaa

EinsteinEinstein
PodolskiPodolski
Rosen'35Rosen'35

||++--

||--++||--||++

||++||--
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d)d) Two particles: Two particles: HH ==ℂℂ⁴⁴ (double qubit) (double qubit) 

orthoortho--basis  basis  ||++++ ,, ||++-- ,, ||--++ ,, ||----

Schrödinger's Cat

IVa'.IVa'. After this measurement, After this measurement, SS will be in state will be in state ψψ'='=ψψaa

e)e) Two Two macroscopicmacroscopic objects? objects? HH ==ℂℂ⁴⁴ (double qubit) (double qubit) 

orthoortho--basis  ( basis  ( ||alivealive ,, ||deaddead ) )  ( ( ||decaydecay ,, ||stablestable ))

( ( ||alivealive, , stablestable + + ||deaddead, , decaydecay ) ) //√√22
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iħħ d/dt ψ(t) = H ψ(t)

Quantum Gates: on 1 qubit
a/b)a/b) OneOne qubit state space qubit state space HH==ℂℂ²²

basis basis (0,1) =:(0,1) =: ||00 and  and  (1,0) =: (1,0) =: ||11

V.V. The time evolution of a The time evolution of a purepure state  state  ψψ(0) (0) →→ ψψ((tt) ) HH
is described by Schris described by Schröödingerdinger's Equ.n:'s Equ.n:

Pauli-X (="NOT") 0 1
1 0

UX =
||00→→ ||11
||11→→ ||00

Pauli-Y 0 i
+i 0

UY =
||00→→ ii ||11
||11→→ ++ii ||00

Pauli-Z +1 0
0 1

UZ =
||00→→ + + ||00
||11→→  ||11

 id id ...... id     id     ((nn--1)1)−−foldfold

phase

is  is  ψψ((tt)= )= UU((tt) ) ψψ(0),  (0),  UU((tt)= e)= e--iiHH((tt)d)dt/t/ħħ unitaryunitary
Quantum gates are Quantum gates are unitary  unitary   reversiblereversible!!

1 0
0 eiP =

PP ==
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a/b)a/b) OneOne qubit state space qubit state space ℂℂ²²

with orthowith ortho--basis  basis  ||00 ,, ||11

Hadamard Gate: on 1 qubit

Quantum gates are Quantum gates are unitaryunitary  reversible!

1 1
1 -1

HH ==

||00→→ (|0+|1)/√2
||11→→ (|0−|1)/√2

//√√22

H
id
id
id
id
id








||00
||00
||00
||00
||00
||00

| | 0
 
0
 
0
 
0
 
0
 
0

0
 
0
 
0
 
0
 
0
 
0


IVa. IVa. When in When in purepure state state ψψ, measuring produces , measuring produces 

eigenvalueeigenvalue a with probability ||ψψaa||ψψ||²² , , ψψa a eigenvectoreigenvector

(|0+|1)/√2 = ψ
|0
|0
|0
|0
|0

a a = = 00 / / 11
ψψ0 0 = = ||00
ψψ1 1 = = ||11

50:5050:50
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Quantum gates are Quantum gates are unitaryunitary  reversible!

Quantum Gates: on 2 qubits
d)d) TwoTwo qubitqubitss state space state space HH==ℂℂ⁴⁴
with orthowith ortho--basis  basis  ||0000 , , ||0101 , , ||1010 , , ||1111

CNOTCNOT

1
1

1
1

||0000→→ ||0000
||0101→→ ||0101
||1010→→ ||1111
||1111→→ ||1100

SWAPSWAP

1
1

1
1

||0000→→ ||0000
||0101→→ ||1010
||1010→→ ||0101
||1111→→ ||1111
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a/b)a/b) OneOne qubit state space qubit state space ℂℂ²²

with orthowith ortho--basis  basis  ||00 ,, ||11
d)d) TwoTwo qubitqubitss state space state space ℂℂ⁴⁴
with orthowith ortho--basis  basis  ||0000 , , ||0101 , , ||1010 , , ||1111

Hadamard on 2 and on n qubits

Quantum gates are Quantum gates are unitaryunitary  reversible!

1 1
1 -1

HH == //√√22

HH  HH ==

11 11 11 11

11 --11 11 --11

11 11 --11 --11

11 --11 --11 ++11

/2/2

c)c) HH==nn ℂℂ²² ((n n qubitqubitss) has complex dimension ) has complex dimension NN==22nn

with orthowith ortho--basis  basis  ||00......00 ...... ||11......11

H
H

co
n
cu

rren
t

co
n
cu

rren
t 

H
H
H
H








||0000→→ ((||0000 + + ||0101 + + ||1010 + + ||1111 ) / 2) / 2||00......00→→ 00≤≤JJ<2<2ⁿn | bin(| bin(JJ) )  / 2/ 2nn/2/2
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a/b)a/b) OneOne qubit state space qubit state space ℂℂ²²

with orthowith ortho--basis  basis  ||00 ,, ||11
d)d) TwoTwo qubitqubitss state space state space ℂℂ⁴⁴
with orthowith ortho--basis  basis  ||0000 , , ||0101 , , ||1010 , , ||1111

Quantum Parallelism

Quantum gates are Quantum gates are unitaryunitary  reversible!

c)c) HH==nn ℂℂ²² ((n n qubitqubitss) has complex dimension ) has complex dimension NN=2=2nn

with orthowith ortho--basis  basis  ||00......00 ...... ||11......11

||0000→→ ((||0000 + + ||0101 + + ||1010 + + ||1111 ) / 2) / 200≤≤JJ<2<2ⁿn | bin(| bin(JJ) )  / 2/ 2nn/2/2

H
H
H
H
H
H








(  |(  |00000000+  +  ||00010001+  +  ||00100010+  +  ||00110011+ + ……
+  +  ||11001100+  +  ||11011101+  +  ||11101110+  +  ||11111111) /4) /4

UU

co
n
cu

rren
t

co
n
cu

rren
t 

(( nn -- fold
)

fold
)

sequentialsequential

quantum quantum 
parallelism parallelism 
((NN--fold!)fold!)

UU

UU

UU UU UU UU

UU UU UU UUe.g. e.g. nn=4:=4:
00≤≤JJ<2<2ⁿn UU | bin(| bin(JJ) )  / 2/ 2nn/2/2
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((XXJJ))00≤≤JJ<<NN →→ YYKK = = 00≤≤JJ<<NN exp(2exp(2ππiiJKJK//NN) ) XXJJ //√√N,     N,     00≤≤KK<<NN

Discrete Fourier Transform

Quantum gates are Quantum gates are unitaryunitary

|bin(|bin(KK))→→ 00≤≤JJ<<NN exp(2exp(2ππiiJKJK//NN) |bin() |bin(JJ)) //√√N,     N,     00≤≤KK<<NN

Quantum
c)c) HH==nn ℂℂ²² ((n n qubitqubitss) has complex dimension ) has complex dimension NN==22nn

unitaryunitary

NNNN
matrixmatrix

FFNN

FFNN::

exponentially largeexponentially large

quantum circuit quantum circuit 
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phase  phase  PP == 11 00
00 ee22ππii

1
1

1
e2πi2-k

Fast Quantum Fourier Trafo

controlledcontrolled

c)c) HH==nn ℂℂ²² ((n n qubitqubitss) has complex dimension ) has complex dimension NN==22nn

|bin(|bin(KK))→→ 00≤≤JJ<<NN exp(2exp(2ππii JJ KK//NN) |bin() |bin(JJ)) //√√NNFFNN: : 

= = 00≤≤jj<<nn ( ( ||00 + exp(2+ exp(2ππi i 22jj KK//NN) |) |11 ) ) //√√NN

tensor factorization tensor factorization 

(( ||00++exp(2exp(2ππii [0.[0.xxnn])]) ||11 ))  ......

... ...  (( ||00++exp(2exp(2ππii [0.[0.xx11......xxnn])]) ||11 )) //√√NN

[0.[0.xx11......xxmm] := ] := xx11/2 + /2 + xx22/4 + .../4 + ...

||xx11xx22......xxnn→→

phase  phase  RRkk==

sequentialsequential
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Quantum Fourier Circuit

Quantum gates are Quantum gates are unitaryunitary

c)c) HH==nn ℂℂ²² ((n n qubitqubitss) has complex dimension ) has complex dimension NN==22nn

 (parallel)   of unitary is unitary(parallel)   of unitary is unitary

◦◦ (sequential) of unitary is unitary(sequential) of unitary is unitary

polynomialpolynomial
size = size = OO((nn²²))

depth = depth = OO((nn))

|bin(|bin(KK))→→ 00≤≤JJ<<NN exp(2exp(2ππiiJKJK//NN) |bin() |bin(JJ)) //√√N,     N,     00≤≤KK<<NNFFNN::

sequentialsequential
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Quantum Phase Estimation

Quantum circuits are Quantum circuits are unitaryunitary

||ψψ
eigeneigen--
vectorvector

toto UU
(promise)(promise)

mm--qubitqubit
Quantum Quantum 

CircuitCircuit,,

correspondcorrespond. . 
to to unitaryunitary UU

Problem

||ψψ'' ==

ee22ππiiθθ

··||ψψ

00≤≤θθ<1<1

Goal:Goal: approximate approximate θθ !!
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Peter Shor's Hybrid Algorithm

Input:Input: Composite Composite XXℕℕ..

Output:Output: some nontrivial factor some nontrivial factor FF of of XX..

W.l.o.g:W.l.o.g: XX odd, and not a prime power. odd, and not a prime power. 

1.1. Pick a random numberPick a random number AA..

2.2. Use Euclid to calculateUse Euclid to calculate FF:=gcd(:=gcd(XX,,AA))

3.3. IfIf FF≠≠11, then, then FF is ais a nontrivialnontrivial factor offactor of XX: done!: done!

4.4. Otherwise, use the Otherwise, use the quantumquantum subroutinesubroutine
to find the multiplicative to find the multiplicative orderorder RR ofof AA mod mod XX..

5.5. IfIf RR is odd, then go back to step 1.is odd, then go back to step 1.

6.6. CalculateCalculate FF:=gcd(:=gcd(X,AX,ARR/2/2+1)+1). If. If FF≠≠11, done! , done! 

7.7. Otherwise, go back to step 1.Otherwise, go back to step 1.

(*)(*)

(*)(*)

(*)(*) classicalclassical
random analysis/random analysis/

Number TheoryNumber Theory

RR = min{ = min{ KK : : 
AAKK≡≡1 mod 1 mod X X 

}}



Design & Analysis 
of Algorithms
Martin Ziegler

Modular Order and Phase Estimation

MM=2=2mm
UU |bin(|bin(LL)) := |bin(:= |bin(LL··AA mod mod XX)) for for 00≤≤LL<<XX

UU |bin(|bin(LL)) := |bin(:= |bin(LL)) for for XX≤≤LL<<MM

where where XX denotes the denotes the mm--bit integer to be factoredbit integer to be factored

and and 1<1<A<XA<X is an integer parameter coprime to is an integer parameter coprime to XX..

•• UU is is unitaryunitary

quantumquantum subroutinesubroutine to find multiplicativ. to find multiplicativ. orderorder RR ofof AA mod mod XX
RR = min{ = min{ KK : : AAKK ≡≡ 1 mod 1 mod X X }}

•• UUK K = = II  AAKK ≡≡ 1 mod 1 mod XX..

•• UUKK |bin(|bin(LL)) = |bin(= |bin(LL··AAKK mod mod XX))

Def:Def:

•• eigeneigenvaluesvalues exp(2exp(2ππiiθθ)),  0,  0≤≤θθ<1<1

θθKK = = KK//RR,  ,  00≤≤KK<<RR

•• normed eigennormed eigenvectorvector ψψKK := := JJ exp(exp(22ππiiJKJK//RR) |bin() |bin(AAJJ)) / / √√RR

•• KK ψψK K //√√RR =  |=  |00……0101 (check!)(check!)(check(check!!))
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Quantum Phase Estimation

||ψψ
eigeneigen--
vectorvector

toto UU
((promisepromise))

mm--qubitqubit
Quantum Quantum 

CircuitCircuit,,

correspondcorrespond. . 
to to unitaryunitary UU

Problem

||ψψ'' ==

ee22ππiiθθ

··||ψψ

00≤≤θθ<1<1

UU |bin(|bin(LL)) := |bin(:= |bin(LL··AA mod mod XX))

•• normed eigennormed eigenvectorvector ψψKK := := JJ exp(exp(22ππiiJKJK//RR) |bin() |bin(AAJJ)) / / √√RR

•• to eigento eigenvaluevalue exp(2exp(2ππiiθθ),  ),  θθ = = KK//RR

Goal:Goal: approximate approximate θθ ! ! 

•• KK ψψK K //√√RR =  |=  |00……0101
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||ψψ'' ==

ee22ππiiθθ

··||ψψ

00≤≤θθ<1<1

Towards Unitary Phase Estimation

||ψψ
mm--qubitqubit
eigeneigen--
vectorvector

toto UU

22unitaryunitary
UU

unitaryunitary
UU

unitaryunitary
UU

33
aa bb cc

((aa++b+cb+c))

Goal:Goal: approximate approximate θθ ! ! to absolute error to absolute error 1/21/2nn

sequentialsequential
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to absolute error to absolute error 1/21/2nn

Quantum Phase Estim.

||ψψ
mm--qubitqubit
eigeneigen--
vectorvector

toto UU

Meta-Circuit

IVa. IVa. When When SS is in is in purepure state state ψψ, measuring , measuring AA produces produces 

eigenvalue eigenvalue aa of of AA with with probabilityprobability ||ψψaa||ψψ||²² , , 

where where ψψaa is any unit eigenvector of is any unit eigenvector of AA to eigenvalue to eigenvalue aa..

nn--qubitqubit
approxapprox. . 

((m+nm+n))--qubitqubit

unitaryunitary

Quantum Quantum 
PhasePhase

EstimationEstimation
(Meta(Meta--)) CircuitCircuit
forfor unitaryunitary UU AA

Goal:Goal: approximate approximate θθ

||00....00
nn--qubitqubit

··22nn YY

UU
UU³³

UUkk

NN=2=2nn,,
MM=2=2mm

compute compute YY==··22nn  ||  YY22nn|| ≤≤ 22--nn--11with "high" probabilitywith "high" probability
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Quantum Phase Estim.

Measuring yields eigenvalue Measuring yields eigenvalue aa with with probabilityprobability ||ψψaa||ψψ||²²
where where ψψaa is any unit eigenvector of is any unit eigenvector of AA to eigenvalue to eigenvalue aa..

Goal:Goal: approximate approximate θθ ! ! with "high" probabilitywith "high" probability

Meta-Circuit

||ψψ
mm--qubitqubit
eigeneigen--
vectorvector

toto UU

||00....00
nn--qubitqubit

HH
...H VV

V V == ≤≤KK<<NN |bin(|bin(KK)) bin(bin(KK)| )|  UUK  K  ,  |bin(,  |bin(KK))||ψψ →→ |bin(|bin(KK))||UUKK||ψψ

= exp(2= exp(2ππiiKK) |) |ψψ

NN=2=2nn

≤≤KK<<NN exp(2exp(2ππiiKK) |bin() |bin(KK)) //√√NN

FFNN
--11

ψψ''

VV has exponential size!has exponential size!

≤≤XX<<NN ccXX |bin(|bin(XX)) , , 
ccXX = = 00≤≤KK<<NN

exp(2exp(2ππiKiK((YY−−XX))//NN) ) 
·· exp(2exp(2ππiKiKδδ)) //NN

YY ··22nn
δδ θθ−−YY//22nn

 ||δδ| | ≤≤ 22−−((nn+1)+1)

compute compute ··22nn

"co
n
tro

lled
"  

"co
n
tro

lled
"  

p
o
w

ers o
f 

p
o
w

ers o
f UU

Measurement yields Measurement yields X      X      with probability  with probability  ||ccXX||²² ,  0,  0≤≤XX<<NN..Measurement yields Measurement yields Y=Y=··22nn with probability  with probability  ||ccYY||²² ≥≥ 4/4/²²
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Quantum Phase Estim. Meta-Circuit

VV == ≤≤KK<<NN |bin(|bin(KK)) bin(bin(KK)| )|  UUK  K  

NN=2=2nn

= = ≤≤kk<<nn VV22kk,,kk

where  where  VVKK,,ℓℓ ||xx00......xxnn--11  ||ψψ :=  |:=  |xx00......xxnn--11  ((UUKK··xxℓℓ ||ψψ))

◦◦ sequentialsequential
 concurrrentconcurrrent

Goal:Goal: approximate approximate θθ ! ! with "high" probabilitywith "high" probabilitycompute compute ··22nn
controlled controlled 

binarybinary
powerpower

sequentialsequential

co
n
cu

rren
t

co
n
cu

rren
t 
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Phase Estim. in Shor's Algorithm
NN=2=2nn

MM=2=2mm
UU |bin(|bin(LL)) := |bin(:= |bin(LL··AA mod mod XX)) for for 00≤≤LL<<XX

UU |bin(|bin(LL)) := |bin(:= |bin(LL)) for for XX≤≤LL<<MM

where where XX denotes the denotes the mm--bit integer to be factoredbit integer to be factored

and and 1<1<A<XA<X is an integer parameter coprime to is an integer parameter coprime to XX..

 UU22kk
|bin(|bin(LL)) = |bin(= |bin(LL··AA22kk mod mod XX)) repeated squaringrepeated squaring

UU unitaryunitary

modularmodular

sequentialsequential

co
n
cu

rren
t

co
n
cu

rren
t 
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§11 Summary

• Recap: Experimental Physical Evidence

• Math Background: States and Operators

• Pure vs. Mixed States, Entanglement&EPR

• Qubits and Primitive Gates

• Quantum Circuits and Parallelism

• Quantum Phase Estimation

• Shor’s Hybrid Algorithm


