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§11 Quantum Computing of Algorihms
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e Recap: Experimental Physical Evidence

e Math Background: States and Operators

e Pure vs. Mixed States, Entanglement&EPR
e Qubits and Primitive Gates

e Quantum Circuits and Parallelism

e Quantum Phase Estimation

e Shor’s Hybrid Algorithm
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Recap: Experimental Physics o orinms
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Einste

And so is light!

xA | wasm
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Claus Jonsson (1959):
And so are electrons!

Robert Millikan
"Qil drop" (1909): Thomas Young (1801):

Electrons are particles! Light is a wave!
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Basic Quantum Mechanics of Algorithms
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(e

Werner

Heisenberg. Pau‘I Dirac © _w7NEl

e NOT Path Integral (Richard Feynman)

e NOT Quantum Field Theory
(Dyson, Feynman, Schwinger, Tomonaga)

e NOT Relativistic Quantum Mechanics
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Physics Math
I (isolated) Hilbert
system S Space H
II (pure) normal
states vectors
s,s'of § yy'e H
I1I observable Hermit. operator
A, A" of § A, A" on H
IV measurement eigenvalue
of A a of A
V time evolution Schrodinger Eqg.

s(0) — () ih d/de w(t) = H y(t)
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Physics Math
I (isolated) Euclid. phase
system S R space R
II (pure) o vectors
by
III observable jrfjl],e_%fn%
A, A of S y ARET
value
IV measurement
of A a =AY
V time evolution Newton's Law/Eq.

s(0) — s(¢) d/dt dit) = ...
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Physics Math
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system S R space R
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by
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A, A of S y ARET
value
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of A a =AY
V time evolution Newton's Law/Eq.

s(0) — s(¢) d/dt dit) = ...



= Design & Analysis

Math of Quantum Mechanics o agoriims

Martin Ziegler

Physics A Math
I (isolated) Hilbert
system S Space H
II (pure) normal
states vectors
s,s'of § yy'e H
I1I observable Hermit. operator
A, A" of § A, A' on H
IV measurement eigenvalue
of A a of A
V time evolution Schrodinger Eqg.

s(0) — s(f) ih d/de w(t) = H y(t)
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Axioms of Quantum Mechanics o aorithms
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Ia. To any (isolated) physical system S corresponds
a complex Hilbert space H called the state space.

Ib. The state space of a system S composed from
(connected) sub-systems SJ is the tensor product H =

®; 516 of the state spaces associated with components SJ

IIa. A pure state s=5(¢) of S at time ¢ corresponds to
a unit (=norm1) vector y = y(¢) e H.

IIb. A statistical ensemble (=mix) of pure states/
vectors s;,/y, with weights w,€[0;1] corresponds to a

density (=pos.semid. tracel) operator p = 3, w,- [y, Xw,]
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Axioms of Quantum Mechanics o aorithms

Martin Zieqgler

III. Any physical observable A on S corresponds to
a Hermitian operator 4 on H.

IVa. When S is in pure state y, measuring ‘A produces

eigenvalue a of 4 with probability (|(w_ |y)? ]
where vy, is any unit eigenvector of A to eigenvalue a.

IVa'. After this measurement, S will be in state y'=y,

IVb When § is in mixed state with density p, measuring
A produces eigenvalue a with probability (y | p v, ).

IVb'. After this measurement,
S will be in a state with density p'= |y Xwv, | p v, XV,

Density (=pos.semid. tracel) operator p = X, w.-|lw (v
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Axioms of Quantum Mechanics o aorithms

Martin Zieqgler

III. A physical observable A on § corresponds to
a Hermitian operator 4 on H.

IVa. When S is in pure state y, measuring ‘A produces

eigenvalue a of 4 with probability [(y |v)?,
where vy, is any unit eigenvector of A to eigenvalue a.

IVa'. After this measurement, S will be in state y'=y,

IIa. A pure state s=s(¢) of S at time ¢ corresponds
to a unit (=norm1) vector y = y(?) e H.

H Hamilton operator from observable "energy" (III)
V. The time evolution of a pure state y(0) = y(¢) e H
is w(?)= U() w(0), U(t)= elHOdA unitary
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Illustration/Justification of Algorithms
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Example Polarized light: 3{=C?> (qubit)

E Polarizing filter E Polarizing filter k
g ? Asiis Polarizing filter AxlE Polarizing filter
Axis o
| E T . .

@ (b)
E Polarizing filter
% ~ Axis Polarizing filter
‘ﬂms
© (d)

Ia. To any (isolated) physical system S corresponds
a complex Hilbert space H called the state space.
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Pure vs. Mixed States of Algorithms
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Example Polarized light: 3{=C* (qubit o Al
ortho-basis (0,1)=: [0} and (1,0)=:11) £/ Fam

e
....

Polarizing
Filter

(10) = i |1)A2

I?olarized

IIa. A pure state corresponds to a unit vector \peﬂf.

IIb. A statistical ensemble (=mix) of pure states/
vectors s;,/y, with weights w,[0;1] corresponds to a

density (=pos.semid. tracel) operator p = 3, w -y, )Xy,
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Qubit Register of Algorithms
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b) Particle spin: 7 =C? (qubit),
ortho-basis (0,1)=:|0) and (1,0)=:|1)
c) ® C* (n qubits) has complex dimension 2"
with ortho-basis |0...0) ... |1...1)

l!%’*ﬂl L] 2\

L 53\| not CarteSIa
product IT; H,

entanglement

(connected) sub-systems SJ is the tensor product H =
®; 516 of the state spaces associated with components S]
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Entanglement &[EPRj\o&A/gongS
d) Two particles: FH=C* (double qubit) Einstein

. Podolski
ortho-basis |++), |[+-), |-+), |-=) Rosen'35

+ \ 1 [+ F
. & .
s iy < /

v

IVa. When S is in pure state y, measuring ‘A produces

eigenvalue a of 4 with probability [y |w)?,
where vy, is any unit eigenvector of 4 to eigenvalue a.

IVa'. After this measurement, S will be in state y'=y,
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Schrodinger's Cat of Algorithms
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e) Two macroscopic objects? F=C* (double qubit)
ortho-basis ( |alive), |dead)) x ( |decay), |stable))

( |lalive, stable) + |dead, decay) ) /\2
\l\
i \N
- P~

IVa'. After this measurement, S will be in state y'=y,
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Quantum Gates: on 1 qubit of Algorithms

Martin Ziegler

a/b) One qubit state space H=C? 1110
phase P =

basis (0,1)=:]10) and (1,0)=:|1) 0 |ei®
: n . 01 0) — |1)
I | Pauli-X (="NOT U, =
. RE 0) — —i |1)
E;:i' Pauli-Y UY 10 1) — +i |0>
kB4 “1[0] 10y —+]0)
L Pauli-Z _ _
. P V2= 0 5 1) — —|1)

®id®..®id (n-1)—fold

Quantum gates are unitary = reversible!
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Hadamard Gate: on 1 qubit of Algorithms

Martin Ziegler
a/b) One qubit state space (2 111 J
with ortho-basis |0) , |1) H= 1 |=1 N2
50:50

72 (oyn2=y  470/1

% 0> Yo = |O>

id 0)

5 8; 0) = (J0)HL)A?

: 1) — (j0)—[1)N2

IVa. When in pure state y, measuring produces
eigenvalue a with probability [y |v)|*, v, eigenvector
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Quantum Gates: on 2 qubits o Aworihms
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d) Two qubits state space H=C*
with ortho-basis |00) ,|01) ,|10) ,|11)

1 00) — |00)
cvor 01)—101)
1| j10)—11)
1 11) — [10)
I 00) — |00)
<A 1 01) — [10)
I 10) — |01)
I 11) — [11)

Quantum gates are unitary
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Hadamard on 2 and on n qubits o Awerims
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c) H=®" C* (n qubits) has complex dimension N=2"
with ortho-basis |0...0) ... |1...1)

111

H= 9
l_l/v

@)

@)

) I

Q 1111

.

0 11-1111-1

g H®Q H = - IQ

\L - -
L.)'l -11+1

0..0) = oy | bin() ) /22
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Quantum Parallelism of Algorithms

Martin Ziegler

c) H=®" C* (n qubits) has complex dimension N=2"
with ortho-basis |0...0) ... |1...1)

sequential—

quantum
parallelism
- (N-fold!)

(p|oJ-u)
<U3JJN2U0D

LSRN
-

U ©U|0000)+/]0001)+{/0010)+]0011)+ ..
_4- +U|1100>+U1101>+U1110>+U1111>)/4

20<s< U | bin(J) ) /272

e.

LD
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Quantum Fourier Transform o #goitms
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c) H=®" C* (n qubits) has complex dimension N=2"
Fut bin(K)) = [Zoosn|exp2miJK/N) bin()) NN,  0<K<N

unitary

NxN
matrix

I

exponentially large
quantum circuit
Quantum gates are unitary
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Fast Quantum Fourier Trafo o #wrinms
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c) H=®" C* (n qubits) has complex dimension N=2"
Fat bepxyex,) = (10)+exp(2mi |[Oxn]l) 1)) ® ...

®@0>’7’§(p(2ni [0.x;...x,]) @/\/N

|>C>O (1
|2) H)—(Ro)— - - (Ic

i 7
o sequential—> 7
1) : ! - —(H)—Ry: L (|c
/ 1 \
controlled 1 \\
[0x,..x,,] =x,/2 +x,/4 + ... |
hase R,= :
tensor factorization P k g2mi2*
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Quantum Fourier Circuit of Algorithms

Martin Ziegler

c) H=®" C* (n qubits) has complex dimension N=2"
Fui bin(K)) = 2y exp(2miJK/N) [bin(J)) AN,  0<K<N

OO0 OB 5 (K
|z2) H)—Ro)— - - (\(

Ii'33'3> l (‘(

sequential— VI

1) : ! --—(H)—R; L (|c
polynomial
® (parallel) of unitary is unitary size = O(n?)

o (sequential) of unitary is unitary depth = O(n)
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Quantum Phase Estimation Problem oiims

e wid Ziegler
Goal: approximate 0 !
: )
) m-qubit ') =
eigen- Qu‘antl:'m )
vector Circuit, e
to U correspond. )
(promise) to unitary U 0=6<1
N

Quantum circuits are unitary
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Peter Shor's Hybrid Algorithm o Aigoritms
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Input: Composite XelN. (*) classical

Output: some nontrivial factor F’ of X.

random analysis/

Number Theory
W.l.0.g: X odd, and not a prime power.
1. Pick a random number 4. R=min{ K :
2. Use Euclid to calculate F:=gcd(X,4) A*=1 mod X
3. If F*1, then F'is a nontrivial factor fﬁ done!
4. Otherwise, use the quantum s

o

to find the[multiplicative order R of 4 mod

If R is odd, then go back to step 1.  (*)
Calculate Fi=gcd(X,4%2+1). If F*1, done!
Otherwise, go back to step 1. (*)
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Modular Order and Phase Estimation ¢ #/gonihms
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Def: U |bin(L)) := |bin(Z-4 mod X))  for 0<L<X

M=2m

U |bin(L)) = |bin(L)) for X<L<M

where X denotes the m-bit integer to be factored

and [<4<X is an integer parameter coprime to X.]

—

e U is unitary e e

e Uk=] & AK=1modX.

e« Normed eigenvector vy, =

igenvalues exp(2mif), 0=0<I
0, =K/R, 0=K<R

S exp(—2miJK/R) [bin(4”)) / VR

(check!)]

¢ 2, VYr/\AR = ]0..01) ——

R=min{ K : A =1 mod X'}

quantum subroutine to find multiplicativ. order R of 4 mod X



| WENPH

‘nalysis

Quantum Phase Estimation Problem oiims

e o) Zi€QIET

Goal: approximate 0!

U |bin(L)) := |bin(L-4 mod X))

: 0 )
) m-qubit v =
eigen- Qu_antlj'm 2mi6
vector CerL"t, C
to U correspond. 2
(promise) to unitary U 0=6<1
—

« normed eigenvector v, =2, exp(-2niJK/R) [bin(4”)) / \R
e to eigenvalue exp(2mif), 0 =K/R ¢ 2, y./NR = |0..01)



Towards Unitary Phase Estimation

Design & Analysis

of Algorithms
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4 )

Goal: approximate 0 to absolute error 1/2”

W)

m-qubit

unita

eigen-

vector

to U

&

ry

sequential—

unitary

unita

ry

)

y') =

ezﬂ:le (a+b+c)

Iy

0=0<1

—
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Quantum Phase Estim. Meta-C|rcmt gorithms

lin Ziegler

N=2", Goal: compute Y=10-2"1 with "high" probability
M=2n

i 10..0) (m+n)-qubit n—qubit} 627 =¥
>n-qubit unitary approx. -,
) Quantum (U7 /
m-qubit U| Phase
eigen- Estimation
vector (Meta-) Circuit P
U for unitary U

IVa. When S is in pure state y, measuring ‘A produces

eigenvalue a of A with probability [(y |v)?,
where vy, is any unit eigenvector of A to eigenvalue a.



Quantum Phase Estim. Meta-Circuit »ims

... .1N Zieqler

N=2"  Goal: compute | 8-27| with "high" probability

V= ij]m bin(K)) (bin(K)| ® (UK, bin(K)®lw) — [bin(K)@|TXw))

e = exp(2mi0
0..0) FHRH®— I/ T P(2riBK) )
_ n-qubit OH N Y=10-2"]
4 e ﬂ= o 0 = 0-Y/2"
W) % = = |§] < 27D
. ct .
m-qubit L, A ' ZO§X<N cy [bin(X)) ,
eigen- = ) co="
o (M X 0<K<N
vector - o exp(2miK(Y-X)/N)
o U/ _ - exp(2niKo) /IN
IV has exponential size! > o<k<y €Xp(2miOK) |bin(K)) NN

Measurement yields Y=[6-2"] with probability |c,? = 4/n?



Quantum Phase Estim. Meta-Circuit oims

... .N Zi€qler

N=2"  Goal: compute | 8-27| with "high" probability
V="Yekey bin(K) (bin(K)| ® US =[], Vy, controlled

binary
where Vi lxg..x,) @ [y) = @O...xn_l) ® (UKxy)) power

Superposition Controlled U Operations
0) —IH . —
S sequential—
(@)
-
—
® OFT,,
0) — H R ’
i
,_ o sequential
I I ® concurrrent
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Phase Estim. in Shor's Algorithm o agoritms

N=2" U
M=2m

U

where X @

Martin Ziegler
bin(L)) := |bin(L-4 mod X))  for 0<L<X
bin(L)) := |bin(L)) for X<L<M

enotes the m-bit integer to be factored

and 1<4<X is an integer parameter(coprime to X.
= U? |bin(L)) = |bin(L-42 mod X)) repeated squiarifg

| mf)dular |

sequential—

OFT,,

/

0y —{ i
(@)
)
(@)
C
3
3
()

0) — H R
)

0) —— H

L |

I [ ] U unitary
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e Recap: Experimental Physical Evidence

e Math Background: States and Operators

e Pure vs. Mixed States, Entanglement&EPR
e Qubits and Primitive Gates

e Quantum Circuits and Parallelism

e Quantum Phase Estimation

e Shor’s Hybrid Algorithm



