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§3 Analog Computing

• Derivative+Integral Recap

• (Differential) Equations

• Bush's Differential Analyzer

• Shannon's Mathematical Theory

• Zeno-Effect: no complexity
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§3 Discrete vs. Continuous

gg::ℝℝ ℝℝ

gg::ℝℝddℝℝ gg::[0;1][0;1]ddℝℝ

gg::[0;1] [0;1] ℝℝ

continuous?  differentiable?continuous?  differentiable?

ff::ℕℕ ℕℕ

ff::ℕℕddℕℕ

Bijective pairing function

("Hilbert Hotel")  xx,,yy := := 

:=  :=  xx + (+ (xx++yy))··((xx++yy+1)/2+1)/2

ff::{{00,,11}}**{{00,,11}}**

TheoremTheorem (Brouwer):(Brouwer):
NoNo nonnon--empty open empty open UUℝℝdd

is is homeomorphichomeomorphic to any to any 
open open VVℝℝee , unless , unless dd==ee..
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§3 Derivative+Integral Recap

gg::ℝℝ ℝℝ

gg::ℝℝddℝℝ

g'g'((xx) , ) , dd//ddyy gg((yy) , ) , ġġ((tt))

yygg((x,y,zx,y,z))

d/dx xⁿ = n·xⁿ-1

ln'(t) = 1/t

exp' = exp,

sin' =  cos, 
cos' = −sin

(fg)' = f'g+fg'
dd//ddxx f(g(x))  =    
f'(g(x))g'(x)

22gg((xx11,..,x,..,xdd))

a
b f(t) dt

"slope""slope"

"area""area"

FF((xx) = ) = aa
xx ff((tt) d) dt   t   antianti--derivativederivative

("Fundamental Theorem of Calculus")("Fundamental Theorem of Calculus")

StieltjesStieltjes Integral Integral aa
bb ff((tt) ) ddgg((tt))

aa
bb ff((tt) ) g'g'((tt) d) dtt when when g'g' continuouscontinuous

1
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§3 Differential Equations

a) a) xx²² + 4+ 4x x + 4 = 0+ 4 = 0

xx +  +  yy +  +  z  z  = 5= 5
xx + 2+ 2yy + 4+ 4z z = 7= 7
xx + 3+ 3yy + 9+ 9z z = 4= 4

Questions:Questions: i) Do/es the equation/s i) Do/es the equation/s havehave a solution?a solution?

ii) In which mathematical "space" ?ii) In which mathematical "space" ?

iii) Is the solution unique?iii) Is the solution unique?

c) c) yy²² + 1 = 0+ 1 = 0

b) b) yy²² −− 2 = 02 = 0 ((yy>0)>0)

d)d)

(Function)

e) e) ee((tt++ss) = ) = ee((tt) )  ee((ss)) ,   ,   ee(0) = 1(0) = 1

ee::(0;(0;∞∞)) ℝℝ
continuouscontinuous
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§3 Differential Equations

Questions:Questions: i) Do/es the equation/s i) Do/es the equation/s havehave a solution?a solution?

ii) In which mathematical "space" ?ii) In which mathematical "space" ?

iii) Is the solution unique?iii) Is the solution unique?

f)  f)  ff''((tt) = ) = ff((tt))

f f : : ℝℝ  ℝℝ
differentiabledifferentiable

2D vector field2D vector field vv((tt,,yy)=(1,)=(1,yy))

ff(0) = 1(0) = 1

e) e) ee((tt++ss) = ) = ee((tt) )  ee((ss)) ,   ,   ee(0) = 1(0) = 1
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w) w) w'w'((tt) = ) = ww((tt)  ,     )  ,     ww(0)=0(0)=0

§3 Differential Equations

Questions:Questions: i) Do/es the equation/s i) Do/es the equation/s havehave a solution?a solution?

ii) In which mathematical "space" ?ii) In which mathematical "space" ?

iii) Is the solution unique?iii) Is the solution unique?

f)  f)  ff''((tt) = ) = ff((tt))

,   ,   uu(0) = 0 ,  (0) = 0 ,  u'u'(0) = 1(0) = 1

g) g) gg''((tt) = ) = ttkk ((tt>0) ,  >0) ,  gg(1) = 0(1) = 0

g,h,u,v,w g,h,u,v,w : : (0;(0;∞∞))ℝℝ
continuously differentiablecontinuously differentiable

u) u) u''u''((tt) = ) = −−uu((tt))

k=k=3,2,1,0,3,2,1,0,--1,1,--2,2,--3,..3,..

h) h) h'h'((tt) = ) = yy((tt)) ((tt>0) ,  >0) ,  hh(0) = 0(0) = 0

ff(0) = 1(0) = 1

ww((tt) :=   0            ) :=   0            forfor tt≤≤CC,,

w(t) := (:= (tt−−CC))²²/4/4 forfor tt≥≥CC

v) v) u'u'((tt)=)=vv((tt) ,  ) ,  v'v'((tt)=)=−−uu((tt)),  ,  uu(0)=0, (0)=0, vv(0)=1(0)=1

, Examples, Examples
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w) w) w'w'((tt) = ) = ww((tt)  ,     )  ,     ww(0)=0(0)=0

§3 Differential Equations
f)  f)  ff''((tt) = ) = ff((tt))

,   ,   uu(0) = 0 ,  (0) = 0 ,  u'u'(0) = 1(0) = 1

g) g) gg''((tt) = ) = ttkk ((tt>0) ,  >0) ,  gg(1) = 0(1) = 0

u) u) u''u''((tt) = ) = −−uu((tt))

k=k=3,2,1,0,3,2,1,0,--11,,--2,2,--3,..3,..

h) h) h'h'((tt) = ) = yy((tt)) ((tt>0) ,  >0) ,  hh(0) = 0(0) = 0

ff(0) = 1(0) = 1

ww((tt) :=   0            ) :=   0            forfor tt≤≤CC,,
w(t) := (:= (tt−−CC))²²/4/4 forfor tt≥≥CC

v) v) u'u'((tt)=)=vv((tt) ,  ) ,  v'v'((tt)=)=−−uu((tt)),  ,  uu(0)=0, (0)=0, vv(0)=1(0)=1

, QUIZ, QUIZ

Verify Verify that the following that the following areare indeed solutions: indeed solutions: 

ff((tt) := exp() := exp(tt),    ),    gg((tt) := () := (ttkk+1+1−−1)/(1)/(kk+1),   +1),   hh((tt) := ) := tt yy((ss) d) dss,  ,  

uu((tt) := ) := AAsin(sin(tt)+)+BBcos(cos(tt),  ),  
vv((tt) := ) := AAcos(cos(tt))−−BBsin(sin(tt))
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, Examples, Examples

w) w) w'w'((tt) = ) = ww((tt)  ,     )  ,     ww(0)=0(0)=0

§3 Differential Equations
f)  f)  ff''((tt) = ) = ff((tt))

,   ,   uu(0) = 0 ,  (0) = 0 ,  u'u'(0) = 1(0) = 1

g) g) gg''((tt) = ) = ttkk ((tt>0) ,  >0) ,  gg(1) = 0(1) = 0

u) u) u''u''((tt) = ) = −−uu((tt))

k=k=3,2,1,0,3,2,1,0,--1,1,--2,2,--3,..3,..

h) h) h'h'((tt) = ) = yy((tt)) ((tt>0) ,  >0) ,  hh(0) = 0(0) = 0

ff(0) = 1(0) = 1

v) v) u'u'((tt)=)=vv((tt) ,  ) ,  v'v'((tt)=)=−−uu((tt)),  ,  uu(0)=0, (0)=0, vv(0)=1(0)=1

, Classified, Classified
11stst order, linear, homogen.order, linear, homogen.

11stst ord. lin. ord. lin. ininhomoghomog

22ndnd ord.lin.homog.ord.lin.homog.

11stst order, order, nonnon--lin., homog.lin., homog.

11stst ord. ord. systemsystem

x) x) x'x'((tt) =  ) =  22tt  xx((tt) ,   ) ,   xx(0)=1(0)=1 linear linear nonnon--const. coefficientconst. coefficient

y) y) yy'('(tt)=2)=2,  ,  yy(0)=0(0)=0 xx,,yy systemsystem, , nonnon--lin., lin., const.const.coeff.scoeff.s

yy((tt))

z) z) z'z'²²((tt)) −− zz((tt) = 0,  ) = 0,  zz(0)=0(0)=0

autonomousautonomous

11stst order nonorder non--lin., lin., implicitimplicit

exexplicitplicit:  :  zz'('(tt) =) = ......
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§3 Algebraic Differential Equations

(*)(*) uukk'' ((tt) = ) = ii,,jj==00....nn ccijkijk  uuii((tt) )  uujj'('(tt)) for for uu00((tt) :) :≡≡ tt,  ,  ccijkijkℝ

w) w) w'w'((tt) = ) = ww((tt)  ,     )  ,     ww(0)=0(0)=0

,   ,   uu(0) = 0 ,  (0) = 0 ,  u'u'(0) = 1(0) = 1u) u) u''u''((tt) = ) = −−uu((tt))

v) v) u'u'((tt)=)=vv((tt) ,  ) ,  v'v'((tt)=)=−−uu((tt)),  ,  uu(0)=0, (0)=0, vv(0)=1(0)=1

22ndnd ord.lin.homog.ord.lin.homog.

11stst order, order, nonnon--lin., homog.lin., homog.

11stst ord. ord. systemsystem

x) x) x'x'((tt) =  ) =  22tt  xx((tt) ,   ) ,   xx(0)=1(0)=1 linear linear nonnon--const. coefficientconst. coefficient

y) y) yy'('(tt)=2)=2,  ,  yy(0)=0(0)=0 xx,,yy systemsystem, , nonnon--lin., lin., const.const.coeff.scoeff.s

yy((tt))

autonomousautonomous

11stst order system order system nonnon--linear linear ininhomog. with homog. with constconst. coeff.s. coeff.s

Fact (Hölder/Hilbert): Analytic continuations of Riemann 
 function and function satisfy no equation of form (*).

polynom. 

AlgebraicAlgebraic

NonNon--example:example: zz'('(tt) = exp) = exp((zz((tt))))
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§3 Bush's Differential Analyzer

1890 ~ 19741890 ~ 1974

rods turning back/forthrods turning back/forth

at angles at angles uu((tt)), , vv((tt)), ..., ...

rods connected,rods connected,

one driving: one driving: 

uu00((tt))≡≡tt
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§§33 Three Three Analog PrimitivesAnalog Primitives
(rational) (rational) 
scalingscaling

(binary) averaging(binary) averaging
(Stieltjes)(Stieltjes)
integratiintegrationon

no multiply!no multiply!
2828uu((tt) =) = 1414vv((tt))

uu((tt)) vv((tt))

ww((tt))

uu((tt))

vv((tt))

ww((tt))

ww((tt) =) = ((uu((tt) + ) + vv((tt))))/2/2
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§3 Torque Amplifier

CapstanCapstan

TorqueTorque

((winge)winge)



Unconventional
Computing

M. Ziegler
§§33 Math of Analog ComputingMath of Analog Computing

uu((tt) =) = qqvv((tt))

uu((tt)) vv((tt))

ww((tt))

ww((tt) =) = ((uu((tt) + ) + vv((tt))))/2/2

zz((tt) = ) =  yy((tt) d) dxx((tt))

= =  yy((tt))xx'('(tt) d) dtt

cc((tt) ) ≡≡ cc

uu00((tt) ) ≡≡ tt
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§§33 Shannon: Shannon: GPAC = DAEsGPAC = DAEs

b)b) vv((tt) )  uu((tt) =) = qqvv((tt)) bb'')) uu((tt)),v,v((tt) )  ww((tt) =) = ((uu((tt) + ) + vv((tt))))/2/2

c)c) xx((tt)),y,y((tt) )  zz((tt) = ) =  yy((tt))xx'('(tt) d) dtt

aa'')) cc((tt) ) ≡≡ cca)a) uu00((tt) ) ≡≡ tt

Theorem: a)Theorem: a) If If uu11((tt),...,),...,uunn((tt)) are generated by [some are generated by [some 

configuration of] the Differential Analyzer, then it holdsconfiguration of] the Differential Analyzer, then it holds

(*)(*) uukk'' ((tt) = ) = ii,,jj==00....nn ccijkijk  uuii((tt) )  uujj'('(tt))

b)b) If If uu11((tt),...,),...,uunn((tt)) satisfy  (*)  satisfy  (*)  for some for some ccijkijkℚ, , 

then they can be generated by the Differential Analyzer.then they can be generated by the Differential Analyzer.

for some for some ccijkijkℝ

,, ccℝqqℚ

Definition: Definition: Let Let GPACGPAC denote the least class of functionsdenote the least class of functions
uu==uu((tt)) containing containing a)a) and and a')a') and closed under and closed under bb, , b'b', , c).c).


