Martin Ziegler | CS492A in Fall 2024



Unconventional

§3 Analog Computing Computing

M. Ziegler

e Derivative+Integral Recap
o (Differential) Equations

e Bush's Differential Analyzer

e Shannon's Mathematical Theory

o Zeno-Effect: no complexity



Unconventional

8§83 Discrete vs. Continuous Computing

— M. Ziegler
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Bijective pairing function
("Hilbert Hotel") (x,y) :=
= x+ (xty) (xt+y+1)/2




Unconventional

§3 Deri/vativ@-l-@nteg ralJRecap  compuing
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Unconventional

83 (Function) Equations Computing
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a) x*>+4x+4=0
b) »»-2=0 (>0)
c) *+1=0

x+y+z=35
N d) x+2p+4z=7

E) e(t+s) = e(t) . e(s) : 8(0) =1 Xt 3y +90>=4

Questions: i) Do/es the equation/s have a solution?
ii) In which mathematical "space" ? e:(0;00) >R

iii) Is the solution unique? continuous



Unconventional

8§83 Differential Equations Computing
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e) e(tts)=e(?) - e(s), e(0)=1 2D vector field v(¢,y)=(1,y)

Questions: i) Do/es the equation/s have a solution?
ii) In which mathematical "space" ? fiR>R

iii) Is the solution unique? differentiable



8§83 Differential Equations, Examples

f) f(0)=A2 A0)=1

g) g(H=*t (>0), g(1)=0 k=3,2,1,0,-1,-2,-3,..
h) 72'() = (1) (=>0), A(0)=0

u) u"(6)=—u@® , u0)=0, u'(0)=1

v) u'(H)=v(t), v(t)=—u(t), u(0)=0, v(0)=1

w) w'(?)="w(®) , w0)=0 w(t) = 0 for <C,
= (-C%/4 for £C

Questions: i) Do/es the equation/s have a solution?
1) In which mathematical "space” ? ¢ 4 v w: (0:0)>R

iii) Is the solution unique?  continuously differentiable



8§83 Differential Equations, QUIZ

f) £(0)=A0) f0)=1

g) ¢g(O=¢t (>0), g(1)=0 k=3,2,1,0,-1,-2,-3,..
h) 72'() = (1) (>0), ~(0)=0

u) u"()=—u(@® , w0)=0, u'(0)=1

v) u'(ty=v(t), v(t)=—u(t), u(0)=0, v(0)=1

w) w6 =Nw(®) , w(0)=0

Verify that the following are indeed solutions:

i) =exp(®), g(t) = (F=Di(k+1), ht) =] ¥(s) ds,

u(t) .= A-sin(¢)+B-cos(?), w(t) = 0 for 1<C.
v(t) = A-cos(t)—B-sin(¢) = (t—-C)/4 for =C



83 Differential Equations, Classified

f) f(6)= K1) A0)=1 1st order, linear, homogen.
g) g’(t) = tk (t>0) ” g(l) = O k:39291909'1a_2a_39"
h) 2'(t) = y(¢) (£0), h(0)=0 15t ord. lin. inhomog

u) u"()=—u(t), u(0)=0, u'(0)=1 2" ord.lin.homog.
v) u'(O)=v(t), v()=—u(t), u(0)=0,v(0)=1 15t ord. system
w) w(@)=Iw({) , w0)=0 1t order, non-lin., homog.
x) x'(6)=w(®)-x(¥), x(0)=1 linear non-const. coefficient
v) V'()=2, »(0)=0 x,y system, non—lin.,@utonomoug
z) z%() — z(t)=0, z(0)=0 15t order non-lin., implicit

explicit: z'(t) = ...



Unconventional

§3 Algebraic Differential Equations compuing
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(*) wy' ()= 20,0 Cjic - u) - 4 (D) for uy(?) =t¢, ceR
15t order system NSl inhomog. with const. coeff.s
Non-example: Z'(¢) = exp(z(¢))

u) u"()=—u(t), u(0)=0, u'(0)=1 2" ord.lin.homog.
v) u'(O)=v(t), v()=—u(t), u(0)=0,v(0)=1 15t ord. system
w) w(@)=Iw({) , w0)=0 1t order, non-lin., homog.
x) x'(£)=x()-x(t), x(0)=1 linear non-const. coefficient
v) V'()=2, »(0)=0 x,y system, non—lin.,@utonomoug

Fact (Holder/Hilbert): Analytic continuations of Riemann
C function and I function satisfy no equation of form (*).



Unconventional

§3 Bush's Differential Analyzer Computing
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1890 ~ 1974
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rods connected,
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at angles u(?), v(?), ... u ()=t



Unconventional

§3 Three Analog Primitives Compuiing
(rational) w(f) = (u(?) + v(1))/2

scaling

28-u(f) = 14-w(¢)

Steitjes)
egration (binary) averaging




Unconventional

M. Ziegler
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Unconventional

§3 Math of Analog Computing  compuing

u(t) = g-w(1) w(t) = (u(t) + ()2

z() = | (2) dx(?)
—b@ﬁw
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Unconventional

83 Shannon: GPAC = DAEs comuing
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Definition: Let GPAC denote the least class of functions

u=u(t) containing a) and a') and closed under b, b’', c).

a) uy(t) =t geQ a') cv)=c, ceR
b) v(¢) — u(t) =|q{v(?) b') u(?),v(¢t) > w(t) = (u(®) + v(¢))/2

€) x(O).(t) = z(0) = [ y()-x'(z) dt

Theorem: a) If u,(?),...,u,(#) are generated by [some
configuration of] the Differential Analyzer, then it holds

(*) w (=2, 0.0 Cjc - u{D) - u;(?) for some ¢, R

b) If u,(9),....u,(t) satisfy (*) for some ¢;€Q,
then they can be generated by the Differential Analyzer.



